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OF LANE-EMDEN TYPE 
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Abstract. The existence problem is solved, and global point- 
wise estimates of solutions are obtained for quasilinear and Hessian 
equations of Lane-Emden type, including the following two model 
problems: 

—ApU ~ u'^ + fj,, Fi;[—u\ = u"^ + II, u >0, 

on R", or on a bounded domain C R". Here Ap is the p- 
Laplacian defined by ApU = div (Vu| Vul^"^^), and Fk[u] is the 
fc-Hessian defined as the sum of fc x fc principal minors of the Hes- 
sian matrix D^u (fc = 1, 2, . . . , n); /i is a nonnegative measurable 
function (or measure) on Q. 

The solvability of these classes of equations in the renormalized 
(entropy) or viscosity sense has been an open problem even for 
good data ^ G L'^i^), s > 1. Such results are deduced from our 
existence criteria with the sharp exponents s = "''^p^'''^'' fo^' tti6 
first equation, and s — "^2kq "' second one. Furthermore, a 

complete characterization of removable singularities is given. 

Our methods are based on systematic use of Wolff's potentials, 
dyadic models, and nonlinear trace inequalities. We make use of 
recent advances in potential theory and PDE due to Kilpelainen 
and Maly, Trudinger and Wang, and Labutin. This enables us to 
treat singular solutions, nonlocal operators, and distributed sin- 
gularities, and develop the theory simultaneously for quasilinear 
equations and equations of Monge- Ampere type. 



1. Introduction 

We study a class of quasilinear and fully nonlinear equations and in- 
equalities with nonlinear source terms, which appear in such diverse ar- 
eas as quasi-regular mappings, non-Newtonian fluids, reaction-diffusion 
problems, and stochastic control. In particular, the following two model 
equations are of substantial interest: 

(1.1) -ApU = f{x,u), Fk[-u] = f{x,u), 
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on R"-, or on a bounded domain Q C R", where f{x,u) is a non- 
negative function, convex and nondecreasing in u for u > 0. Here 
ApU = div (Vm I Vm|^~^) is the p-Laplacian {p > 1), and Fk[u] is the 
/c- Hessian (A; = 1, 2, . . . , n) defined by 

(1-2) Fk[u]= Yl 

l<il<---<ife<n 

where Ai, A„ are the eigenvalues of the Hessian matrix D^u. In other 
words, Fk[u] is the sum of the k x k principal minors of D'^u, which 
coincides with the Laplacian Fi[u] = Au if A; = 1, and the Monge- 
Ampere operator Fn[u] = det (D'^u) if k = n. 

The form in which we write the second equation in (jl.ip is chosen 
only for the sake of convenience, in order to emphasize the profound 
analogy between the quasilinear and Hessian equations. Obviously, it 
may be stated as (— = f{x,u), m > 0, or Fk[u] = f{x,—u), 
u<0. 

The existence and regularity theory, local and global estimates of 
sub- and super- solutions, the Wiener criterion, and Harnack inequali- 
ties associated with the p-Laplacian, as well as more general quasilinear 
opera tors, c an be found in ^KM\ . [TMj . \KM2\ . |MT] . |M7] . [HI|, ^2], 
|SZj . |TW4j where many fundamental results, and relations to other 
areas of analysis and geometry are presented. 

The theory of fully nonlinear equations of Monge- Ampere type which 
involve the fc- Hessian operator Fk[u] was originally developed by Caf- 
farelli, Nirenberg and Spruck, Ivochkina, and Krylov in the classical 
setting. We refer to [HM^j . [HTj . [H^ . [Ti|, jKi|, lEHl, iTWT] for 
these and further results. Recent developments concerning the notion 
of the fc-Hessian measure, weak convergence, and pointwise potential 
estimates due to Trudinger and Wang |TW2j [1 W4j . and Labutin jE] 
are used extensively in this paper. 

We are specifically interested in quasilinear and fully nonlinear equa- 
tions of Lane-Emden type: 

(1.3) —ApU = u", and Fk[—u] = u'^, u > in Q, 

where p > 1, q > 0, k = 1,2, ... ,n, and the corresponding nonlinear 
inequalities: 

(1.4) -ApU > and Fk[-u\ > m > in n. 

The latter can be stated in the form of the inhomogeneous equations 
with measure data, 

(1.5) -ApU = u'^ + fi, Fk[-u] = u'^ + jj, u>0 inn, 
where /z is a nonnegative Borel measure on Q. 
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The difficulties arising in studies of such equations and inequah- 
ties with competing nonhnearities are well known. In particular, (jl.3|) 
may have singular solutions |SZj . The existence problem for f)1.5|) has 
been open f jBVS] . Problems 1 and 2; see also |BVT] . [BV3] . [Urej) 



even for the quasilinear equation — ApW = + / with good data 
/ G L'^{Q), s > 1. Here solutions are generally understood in the 
renormalized (entropy) sense for quasilinear equations, and viscosity, 
or /c-convexity sense, for fully nonlinear equations of Hessian type (see 
IBMMPj . pMOF] . jJEM], |TWT] rrWaj . [El). Precise definitions of 
these classes of admissible solutions are given in Sec. 3, Sec. 6, and 
Sec. 7 below. 

In this paper, we present a unified approach to p.3|) - ()1.5|) which 
makes it possible to attack a number of open problems. It is based on 
global pointwise estimates, nonlinear integral inequalities in Sobolev 
spaces of fractional order, and analysis of dyadic models, along with 
the weak convergence and Hessian measure results |TW2j [TW4j . The 



latter are used to bridge the gap between the dyadic models and partial 
differential equations. Some of these techniques were developed in the 
linear case, in the framework of Schrodinger operators and harmonic 
analysis |(]hWWj . |EEI, [NTVj . jVl], ISl], and applications to 

semilinear equations |KVj . |VWj . |V3j . 



Our goal is to establish necessary and sufficient conditions for the 
existence of solutions to ()1.5|) . sharp pointwise and integral estimates 
for solutions to ()1.4j) , and a complete characterization of removable sin- 
gularities for p.3p . We are mostly concerned with admissible solutions 
to the corresponding equations and inequalities. However, even for lo- 
cally bounded solutions, as in [SZ^ , our results yield new pointwise and 
integral estimates, and Liouville-type theorems. 

In the "linear case" p = 2 and = 1, problems ()1.3|) - p.5p with 
nonlinear sources are associated with the names of Lane and Emden, 
as well as Fowler. Authoritative historical and bibliographical com- 
ments can be found in [SZJ. An up-to-date survey of the vast literature 
on nonlinear elliptic equations with measure data is given in |Ver j . in- 
cluding a thorough discussion of related work due to D. Adams and 
Pierre |APj . Baras and Pierre |BPj . Berestycki, Capuzzo-Dolcetta, and 
Nirenberg [KCDNj , Brezis and Cabre jBCj , Kalton and Verbitsky |KVj . 

It is worth mentioning that related equations with absorption, 

(1.6) -An + M« = /i, u>0 in fi, 

were studied in detail by Benilan and Brezis, Baras and Pierre, and 
Marcus and Veron analytically for 1 < g < cxd, and by Le Gall, and 
Dynkin and Kuznetsov using probabilistic methods when 1 < g < 2 
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(see jD], |Verj ). For a general class of semilinear equations 

(1.7) —Au + g{u) = fi, u>0 in Q, 

where g belongs to the class of continuous nondecreasing functions such 
that g{0) =0, sharp existence results have been obtained quite recently 
by Brezis, Marcus, and Ponce |BMPj . It is well known that equations 



with absorption generally require "softer" methods of analysis, and the 
conditions on fi which ensure the existence of solutions are less stringent 
than in the case of equations with source terms. 

Quasilinear problems of Lane-Emden type ()1.3p - ()1.5|) have been 
studied extensively over the past 15 years. Universal estimates for 
solutions, Liouville-type theorems, and analysis of removable singular- 
ities are due to Bidaut-Veron, Mitidieri and Pohozaev |BVlj - [BV8j . 



[BVP] . |MP] . and Serrin and Zou 'SZ'. (See also [BiDl, [Uiij, |Ve?l 

and the literature cited there.) The profound difficulties in this theory 
are highlighted by the presence of the two critical exponents. 



1.8) = q* = n(£zi)±£ 

J i» n—p ' ^ n—p ' 



where 1 < p < n. As was shown in |B VPj . |MPj . and |SZj . the quasi- 
linear inequality ()1.5|1 does not have nontrivial weak solutions on R"', 
or exterior domains, if g < g*. For q > q* , there exist u G W^^^ fl L^^ 
which obey ()1.4|1 . as well as singular solutions to ()1.3|1 on R". However, 
for the existence of nontrivial solutions u G W^^^ fl L^^ to ()1.3|) on R", 
it is necessary and sufficient that q > q* |SZj . In the "linear case" 
p = 2, this is classical |GE], |BP], |B(]DNj . 

The following local estimates of solutions to quasilinear inequalities 
are used extensively in the studies mentioned above (see, e.g., [SZJ, 
Lemma 2.4). Let Bji denote a ball of radius R such that B2R C Q. 
Then, for every solution u G VFj^f fl L^^ to the inequality —ApU > u'^ 
in 



7P 



(1.9) / u'^ dx < C R i-P+\ 0<7<g, 

(1.10) / \Vu\i+^dx<CR i-P+\ 0<7<g, 
Jbr 

where the constants C in ()1.9|) and ()1.10|) depend only on p, q, n, 7. 
Note that (fO|) holds even for 7 = g (cf. |MP]), while flTTni) generally 
fails in this case. In what follows, we will substantially strengthen ()1.9p 
in the end-point case 7 = g, and obtain global pointwise estimates of 
solutions. 



QUASILINEAR AND HESSIAN EQUATIONS 



5 



In |PVj . we proved that all compact sets E G Q of zero Haus- 

dorff measure, H i-P+i(E) = 0, are removable singularities for the 
equation —ApU = m'', q > q^,, and a more general class of nonlinear 
equations. Earlier results of this kind, under a stronger restriction 
cap pq (E) = for some e > 0, are due to Bidaut-Veron |BV3j . 

Here cap^^ ^(■) is the capacity associated with the Sobolev space W^''^. 

In fact, much more is true. We will show below that a compact set 
E G Q is a removable singularity for —ApU = u'^ if and only if it has 
zero fractional capacity: cap g (E) = 0. Here cap^ <, stands for 

^' q-p+l 

the Bessel capacity associated with the Sobolev space W°'''^ which is 
defined in Sec. 2. We observe that the usual p-capacity cap^^ ^ used in 
the studies of the p-Laplacian |HKM]. |KM2j plays a secondary role in 
the theory of equations of Lane-Emden type. Relations between these 
and other capacities used in nonlinear PDE are discussed in |AHj . |M2j . 
and [V4]. 

Our characterization of removable singularities is based on the solu- 
tion of the existence problem for the equation 

(1.11) -ApU = u'^ + fi, u>0, 

with nonnegative measure fi obtained in Sec. IHl Main existence the- 
orems for quasilinear equations are stated below (Theorems 12.31 and 
l2.1Up . Here we only mention the following corollary in the case Q = R": 
If (jLlip has an admissible solution u, then 

(1.12) / dfi<CR'' 

for every ball Br in R"', where C = C{p, q, n), provided 1 < p < n and 
g > g*; if p > n or g < q^:, then /i = 0. 

Conversely, suppose that 1 < p < n, q > q^, and dfi = f dx, / > 0, 
where 

r _ (1+£)P9 

(1.13) / f+'dx<CB^ 

J Br 

for some e > 0. Then there exists a constant Cq{p, q, n) such that (jl.lll) 
has an admissible solution on R" if C < Co(p, g, n). 

The preceding inequality is an analogue of the classical Fefferman- 
Phong condition |Fef] . which appeared in applications to Schrodinger 
operators. In particular, (irT!?|l holds if / e L"('?-p+^)/p«'°^(R"). Here 
stands for the weak space. This sufficiency result, which to 
the best of our knowledge is new even in the L'^ scale, provides a com- 
prehensive solution to Problem 1 in |B V2j . Notice that the exponent 
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s = "'^'^ pg'^^^ is sharp. Broader classes of measures n (possibly singular 
with respect to Lebesgue measure) which guarantee the existence of 
admissible solutions to p.lH) will be discussed in the sequel. 

A substantial part of our work is concerned with integral inequal- 
ities for nonlinear potential operators, which are at the heart of our 
approach. We employ the notion of Wolff's potential introduced origi- 
nally in jHWj in relation to the spectral synthesis problem for Sobolev 
spaces. For a nonnegative Borel measure /i on R", s G (1, +C)o), and 
a > 0, the Wolff potential Wq,, s /x is defined by 



:i.i4) w„,,/i(x) = / 

^0 



We write Wq,,^ / in place of Wq, /i if dfi = fdx, where / G Ll^^ill"'), 
/ > 0. When dealing with equations in a bounded domain Q C R", a 
truncated version is useful: 

(1-15) w;„,w = |[^f#]=^* .ea. 

where < r < 2diam(r2). In many instances, it is more convenient to 
work with the dyadic version, also introduced in |HWj : 

(1.16) ^c.,sf^{x) = J2[j^^]'^\Q{x), XGR^ 



where V = {Q} is the collection of the dyadic cubes Q = 2\k + [0, 1)^), 
i G Z, /c G Z", and i{Q) is the side length of Q. 

An indispensable source on nonlinear potential theory is provided by 
|AHj . where the fundamental Wolff inequality and its applications are 
discussed. Very recently, an analogue of Wolff's inequahty for general 
dyadic and radially decreasing kernels was obtained in |COVj : some of 
the tools developed there are employed below. 

The dyadic Wolff potentials appear in the following discrete model 
of ()1.5|) studied in Sec. 3: 

(1.17) M = W«,,M^ + /, u>0. 

As it turns out, this nonlinear integral equation with / = Wa, sA'- is 
intimately connected to the quasilinear differential equation (jl.llj) in 
the case a = 1, s = p, and to its fc- Hessian counterpart in the case 
a = s = k + 1. Similar discrete models are used extensively in 
harmonic analysis and function spaces (see, e.g., |NTVj . |St2j . jVTj). 

The profound role of Wolff's potentials in the theory of quasilin- 
ear equations was discovered by Kilpelainen and Maly |KMlj . They 
established local pointwise estimates for nonnegative p-superharmonic 
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functions in terms of Wolff's potentials of the associated p-Laplacian 
measure /x. More precisely, if m > is a p-superharmonic function in 
B{x,3r) such that —ApU = /i, then 

(1.18) CiWl n{x) <u{x) <C2 inf m + C3 W?'^„/x(x), 

' B{x,r) ' 

where 6*1,6*2 and C*3 are positive constants which depend only on n 
and p. 

In |TWlj , |TW2j , Trudinger and Wang introduced the notion of the 
Hessian measure ^[u] associated with Fk[u] for a A;-convex function u. 
Very recently, Labutin [D proved local pointwise estimates for Hessian 
equations analogous to ()1.18|) . where the Wolff potential Wjfc j, , , is 

used in place of p/i. 

In what follows, we will need global pointwise estimates of this type. 
In the case of a fc-convex solution to the equation Fk[u] = /i on R" 
such that infa;gRn (— = 0, one has 

(1.19) C^W 2.,^, ix{x) < -uix) < C2W2.,^,fi{x), 

K-\-l ' k-\-l ' 

where C*i and C*2 are positive constants which depend only on n and k. 
Analogous global estimates are obtained below for admissible solutions 
of the Dirichlet problem for —ApU = /x and Fk[—u] = /i in a bounded 
domain Q C R". 

In the special case Q = R", our criterion for the solvability of (jl.llj) 
can be stated in the form of the pointwise condition involving Wolff's 
potentials: 

(1.20) Wi,p(Wi,p/i)''(a;) < C*Wi,p/i(a;) < +00 a.e., 

which is necessary with C = Ci{p,q,n), and sufficient with another 
constant C = C2{p,q,n). Moreover, in the latter case there exists an 
admissible solution u to (jl.llj) such that 

(1.21) ci Wi,p/i(x) < m(x) < C2 Wi,p/i(x), X e R", 

where Ci and C2 are positive constants which depend only on p, q, n, 
provided 1 < p < n and g > g*; if p > n or g < then u = and 
/i = 0. 

The iterated Wolff potential condition p.20j) plays a crucial role in 
our approach. As we will demonstrate in Sec. it turns out to be 
equivalent to the fractional Riesz capacity condition 

(1.22) M^)<CCapp,^(E), 

where C does not depend on a compact set E C R". Such classes 
of measures /z were introduced by V. Maz'ya in the early 60-s in the 
framework of linear problems. 
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It follows that every admissible solution u to (jl.llj) on R" obeys the 
inequahty 

(1.23) [ uUx <CCap„^^{E), 

Je 

for all compact sets E C R". We also prove an analogous estimate 
in a bounded domain Q (Sec. Obviously, this yields ()1.9|) in the 
end-point case 7 = 5': 

(1.24) [ dx < C R""^^ , 

J Br 

where B2R C Vt. In the critical case q = q^,, we obtain an improved 
estimate: 



:i.25) f u''*dx < C (log(^))" 

J Br 



q-p+1 

' Bj^ 

for every ball Br of radius r such that C Br, and B2R C Vt. Cer- 
tain Carleson measure inequalities are employed in the proof of ()1.25p . 
We observe that p.24|) and p.25|) yield Liouville-type theorems for all 
admissible solutions to (ll.llj) on R", or in exterior domains, provided 
q<q. (cf. [BVP], EZ]). 

Analogous results will be established in Sec. [7|for equations of Lane- 
Emden type involving the fc-Hessian operator Fk [u] . We will prove that 
there exists a constant C{k,q,n) such that, if 

(1.26) ,^,{W2, ,^,fiy{x) < CW 2. ,_,,/i(x) < +00 a.e., 

where < C < C{k,q,n), then the equation 

(1.27) Fk[-u] = u"^ + fi, u>0, 
has a solution u so that — m is /c-convex on R", and 

(1.28) CiW j2i^ f,^-^^ fi{x) < u{x) < C2W ^ f,_^_-^^ fi{x), X G R", 

/c— 1^1 ^ A!^~|~l ^ 

where Ci, C2 are positive constants which depend only on k,q,n, for 
1 < k < ^. Conversely, ()1.26|) is necessary in order that ()1.27|) have 
a solution u such that —u is A;-convex on R" provided 1 < k < ^ and 
q > q^ = if A; > I or g < then u = and fx = 0. 

In particular, ()1.26|1 holds if d/i = / dx, where / > and / G 
^n(g-fc)/2fcg,oo(^p^n). ^j^g expoueut is sharp. 

In Sec. [71 we will obtain precise existence theorems for equation 
()1.27|) in a bounded domain Q with the Dirichlet boundary condition 
M = 0, > 0, on dQ, for 1 < k < n. Furthermore, removable singular- 
ities E C fl for the homogeneous equation Fk[—u] = u'^, u> 0, will be 
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characterized as the sets of zero Bessel capacity capg^ _3_ (E) = 0, in 

' q — k 

the most interesting case q > k. 

The notion of the k-Hessian capacity introduced by Trudinger and 
Wang proved to be very useful in studies of the uniqueness problem 
for /c-Hessian equations |TW3j . as well as associated fc-polar sets jLj. 



Comparison theorems for this capacity and the corresponding Haus- 
dorff measures were obtained by Labutin in [E] where it is proved that 
the (n — 2/i;)-Hausdorff dimension is critical in this respect. We will 
enhance this result (see Theorem I2.2UI below) by showing that the k- 
Hessian capacity is in fact locally equivalent to the fractional Bessel 
capacity cap^ 

In conclusion, we remark that our methods provide a promising ap- 
proach for a wide class of nonlinear problems, including curvature and 
subelliptic equations, and more general nonlinearities. 



(2.1) 

where p>l, q>p— 1 and 

(2.2) ^(x,o-e>«ier, 



. We study the existence 



\Aix,o\<P\^r 



2. Main results 

Let be a bounded domain in R", n > 2 
problem for the quasilinear equation 

— div^(2;, Vm) = u"^ + uj, 
u > in Q, 
u = on dfl, 



for some a, P > 0. The precise structural conditions imposed on A{x,^) 
are stated in Sec. 4, formulae (j4.1|) - (j4.5|) . This includes the principal 
model problem 

{—ApU = u'^ + cu, 
u>0 in Q, 
u = on dQ. 

Here Ap is the p-Laplacian defined by ApU = div(|VM|^~^ Vm). We 
observe that in the well-studied case q < p—l hard analysis techniques 
are not needed, and many of our results simplify. We refer to jGrej . 
|SZj for further comments and references, especially in the classical case 
q = p — 1. 
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Our approach also apphes to the following class of fully nonlinear 
equations 

( Fk[-u]=u'^ + 00, 
(2.4) ^ u>0 in Q, 

\^ u = (p on dil, 

where k = 1,2, . . . ,n, and F^. is the fc- Hessian operator, 
Fk[u]= ^h---K- 

l<ii<---<ife<7i 

Here (Ai, . . . , A„) are the eigenvalues of the Hessian matrix D^u, and 
—u belongs to the class of fc-subharmonic (or /c-convex) functions on 
fl introduced by Trudinger and Wang in |TWlj |TW2j . Analogues of 
equations ()2.1|) and ()2.4p on the entire space R" are studied as well. 

To state our results, let us introduce some necessary definitions and 
notations. Let A^^(f2) (resp. J\4~^{fl)) denote the class of all non- 
negative finite (respectively locally finite) Borel measures on Q. For 
/i G ^A~^{TV^) and a Borel set E C R", we denote by the restriction 
of to E: d^E = Xsdfi where xe is the characteristic function of E. 
We define the Riesz potential of order a, < a < n, on R" by 



la fi{x) = c{n, a) / \x — yl" dfi{y), a; G R", 

where n G A^"'"(R") and c{n,a) is a normalized constant. For a > 0, 
p > 1, such that ap < n, the Wolff potential Wa,p/U is defined by 

dt 



Wa,pfiix) 



POO 




Jo 


^n—ap 



xeW 
t 



When dealing with equations in a bounded domain Q C R", it is 
convenient to use the truncated versions of Riesz and Wolff potentials. 

For < r < oo, a > and p > 1, we set 



nr 


-fi{Bt{x))- 


Jo 


j^n—ap 



t 



Here and are understood as Iq and W^^p respectively. For 

a > 0, we denote by Gq, the Bessel kernel of order a (see j AHj . Sec. 
1.2.4). The Bessel potential of a measure /i G A1+(R") is defined by 

Gafi{x) = / Ga{x — y)dfi{y), x G R". 

Various capacities will be used throughout the paper. Among them are 
the Riesz and Bessel capacities defined respectively by 

Capi„,,(E) = inf{i|/||l.(i,„^ ■■Iaf>XE,0<fe L^(R-)}, 



QUASILINEAR AND HESSIAN EQUATIONS 



11 



CapG„,,(E) = inf{||/||l.(j,„) ■.GJ>XE,0<fe L^(R")}, 
for any E C R". 

Our first two theorems are concerned with global pointwise potential 
estimates for quasilinear and Hessian equations on a bounded domain 
Q in R". 

Theorem 2.1. Suppose that u is a renormalized solution to the equa- 
tion 

p.x J — div^(x, Vm) = CO in fi, 

^ \ u = o on an, 

with data uj G A^^(fi). Then there is a positive constant K which does 
not depend on u and such that 

(2.6) 17 W, ^ uj{x) < u{x) < KWf'^'^^''^uj{x), 
K 

for all X in Q. 

Theorem 2.2. Let u be a nonnegative finite measure on Q such that 
UJ G L'^{^l\E) for a compact set E dVl. Here s>^z/l</c<|, and 
s = lif^<k<n. Suppose that —u is a nonpositive k-subharmonic 
function in fl such that u is continuous neardfl, and solves the equation 

J Fk[—u] = ijj in f2, 
I M = on (9f2, 

Then, for all a; G 

(2.7) ^ Wtf^c.(x) < u{x) < K^N^triy^^\ 
where K is a constant which does not depend on x, u, and f2. 

We remark that the upper estimate in ()2.6|) does not hold in general 
if u is merely a weak solution of ()2.5p in the sense of ,KM1^. For a 
counter example, see [Kill Sec. 2]. Upper estimates similar to the one 
in fl2.7|) hold also for fc-subharmonic functions with non-homogeneous 
boundary condition as well (see Sec. Ej). Equivalent definitions of 
renormalized solutions to the problem ()2.5|1 are given in Sec. El For 
definitions of fc-subharmonic functions, see Sec. 

Note also that in the case of the entire space Vt = R", if —u is 
a non-positive fc-subharmonic function such that Fk[—u] = fi and 
inf^.gRn u{x) = 0, then 

^^^^^k+Mx) < u{x) < KW^^ ,^_^_-^^i{x). 
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An analogous two-sided estimate holds for ^-superharmonic functions 
as well, with Wi „/! in place of t+i/^- These global estimates are 

' fc + 1 ' _ 

deduced from the local ones given in jLj, |KM2j . 

In the next two theorems we give criteria for the solvability of quasi- 
linear and Hessian equations on the entire space R*^. 

Theorem 2.3. Let u be a measure in A^+(R"), 1 < p < n and q > 
p — 1. Then the following statements are equivalent. 
(i) There exists a nonnegative A-superharmonic solution u G L^^^(R") 
to the equation 



{21 



inf^.gR,n u{x) = 
-div^(a;, Vu) = u'' + eu in R" 



for some e > 0. 

(ii) For all compact sets E C R", 

(2.9) cj(E)<CCapi . (E). 

P' q—p+l 

(iii) The testing inequality 

(2.10) / \Wi^pUJB{x)ydx <Clj{B) 



holds for all balls B in R" . 

(iv) There exists a constant C such that 

(2.11) Wi^p(Wi^pUjy{x) <CWi^pUj{x) < oo a.e. 

Moreover, there is a constant Cq = CQ{n,p, q, a, f3) such that if any one 
of the conditions \2.9\) - KKll\) holds with C < Cq, then equation \2.t^) 
has a solution u with e = 1 which satisfies the two-sided estimate 

Wi,pcj(x) < m(x) < irWi,pCj(x), X e R", 

K 

where K depends only on n,p,q,a, f3. Conversely, if has a solu- 
tion u as in statement (i) with e = 1, then conditions \2. 9^) - 1^.11]) hold 
with C = Ci{n,p, q, a, [3). Here a and {3 are the structural constants of 
A defined in \2.i^) . 

Using condition ()2.9|) in the above theorem, we can now deduce from 
the isoperimetric inequality: 

1^1^-^ <CCapi^,^(i?), 
(see |AHj or |M2j ) . a simple sufficient condition for the solvability of 
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ri(q — p+1) 

Corollary 2.4. Suppose that f G L '°°(R'^) and duj = fdx. If 

q > p—1 and g^p_^i < n, then equation has a nonnegative solution 
for some e > 0. 

Remark 2.5. The condition / G L '°°(R") in Corollary 12 .41 can 

be relaxed by using the Fefferman-Phong condition ^Fef] : 



/ f^+^dx < CBJ"- 



'Br 

for some 6 > 0, which is known to be sufficient for the validity of ()2.9|) : 
see, e.g., |KS], |V2] . 



f2.12) 



Theorem 2.6. Letu be a measure inAi^(R"'), 1 < k < ^, and q > k. 
Then the following statements are equivalent. 

(i) There exists a solution u > 0, -u E ^''{^l) fl L^^^ilV), to the 
equation 

infa;eRn u{x) =0 
Fk[-u]=u'^ + euj in R", 

for some e > 0. 

(ii) For all compact sets E C R"", 

(2.13) uiE) < CCapi , ^(E). 

(iii) The testing inequality 

(2.14) / W^^,^^^ujB{x)''dx<Cuj{B) 

holds for all balls B in R" . 

(iv) There exists a constant C such that 

(2.15) W2k f^^^(W2k j^^^ujy{x) < CW 2. ,+,^(x) < oo a.e. 

Moreover, there is a constant Cq = Coin, k, q) such that if any one of 
the conditions \2.1^) - r2.1^) holds with C < Cq, then equation 
has a solution u with e = 1 which satisfies the two-sided estimate 
1 

K ' ' '^+-'-" ~ ~ " ' ' ffi 
where K depends only on n, k, q. Conversely, if there is a solution u 
to as in statement (i) with e = 1, then conditions \2.1^) - r2.1^) 

hold with C = Ci {n, k, q) . 

n{q — k) 

Corollary 2.7. Suppose that f G L^^'°°(R'') and du = fdx. If 
q > k and |^ < n then the equation l\2.12^) has a nonnegative solution 
for some e > 0. 



— f,_^_-^uj{x) < u{x) < i^^^uj{x), X G R", 

/c~f"l ' Ai!— [-1 ^ 
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Since Cap^^ ^{E) = in the case as > n for all Borel sets E C R" 
(see |AHj ) . we obtain the following Liouville-type theorems for quasi- 
linear and Hessian differential inequalities. 



Corollary 2.8. If q < 



"(p-i) 

n—p 



, then the inequality — div^(x, Vu) > u'' 



admits no nontrivial nonnegative A-superharmonic solutions in R". 
Analogously, if q < ^2k ' ^^^'^ inequality Fk[—u\ > u'^ admits no 
nontrivial nonnegative solutions in R". 

Remark 2.9. When 1 < p < n and q > 



n—p ' 



the function uix) 



c \x\ "j-p+i with 



p 



V{q-p + iy\ 



q-p + 1 



[q{n — p) — n{p — 1)] -j-p+i . 



is a nontrivial admissible (but singular) global solution of —ApU 
(see |SZp. Similarly, the function u{x) = 



-2k 

\x\i-'' with 





1 

q — k 




[k\{n-ky.\ 




[{q-kf+A 



q — k 



[q{n — 2k) — nk] , 



where 1 < k < n/2 and q > 
solution of Fk 



nk 
n-2fc' 



is a singular admissible global 
-u] = u'^ (see |Tsoj or |Trulj . formula (3.2)). Thus, we 
see that the exponent "^^J^^'' (respectively ^"^^ ) is also critical for the 
homogeneous equation — div^(x, Vm) = u'^ (respectively m] = u'^) 
in R". The situation is different when we restrict ourselves only to 
locally bounded solutions in R" (see [US!, |SZj). 



Existence results on a bounded domain Q analogous to Theorems 
12.31 and 12.61 are contained in the following two theorems, where Bessel 
potentials and the corresponding capacities are used in place of respec- 
tively Riesz potentials and Riesz capacities. 

Theorem 2.10. Let u be a measure in Ai~^{^l) which is compactly 
supported in Q. Let p > 1, q > p — 1, and let R = diam(fi). Then the 
following statements are equivalent. 

(i) There exists a nonnegative renormalized solution u G L'^{Q) to the 
equation 

-div^(x, Vm) 
u = 



(2.16) 



u"^ + euj 
on dQ, 



m 



for some e > 0. 

(ii) For all compact sets E C suppcu, 



ujiE)<CC8.p^^^^{E). 

t" o-p+l 
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(iii) The testing inequality 



B 



1 



holds for all halls B such that B fl suppcj 7^ . 
(iv) There exists a constant C such that 

(2.17) W2^p(W2^pCj)«(x) < CW2^pCj(x) < 00 a.e. on Vt. 

Remark 2.11. In the case where uj is not compactly supported in f2, 
it can be easily seen from the proof of this theorem that any one of the 
conditions (ii), (iii), and (iv) above is still sufficient for the solvability 
of (|2.16|) for some e > 0. Moreover, in the subcritical case -^z^jp[ > n, 
these conditions are redundant since the Bessel capacity CapQ q 

of a single point is positive (see |AHj ) . This ensures that statement (ii) 
of Theorem 12.101 holds for some constant C > provided u; is a finite 
measure. 

Corollary 2.12. Suppose that f G L p5 '°°(fi) and du = fdx. If 
q > p — 1 and < n then the equation \2. 1 6|) has a nonnegative 

renormalized (or equivalently, entropy) solution for some e > 0. 

Theorem 2.13. Let Q be a uniformly {k—l)-convex domain in R", and 
let UJ G be compactly supported in Q. Suppose that 1 < k < n, 

q > k, R = diam(f2), and ip G C^{dQ), > 0. Then the following 
statements are equivalent. 

(i) There exists a solution u > 0, —u G ^^{VL)r\L'^{VL), continuous near 
dfl, to the equation 



(2.18) 



-u] = u"^ + euj in Q 
u = eip on dfl 



for some e > 0. 

(ii) For all compact sets E C suppcj, 



uj{E)<CCc.Vg,,,ME) 



q — k 



(iii) The testing inequality 



B 



fc+1 



dx < Cuo{B) 



holds for all balls B such that B fl suppcj 7^ 
(iv) There exists a constant C such that 



W?|L fe+i(W2iL ,.,^nx) < CW'_l_ uix) < 00 a.e. on n. 

fe+ii't-i-i 1 J- fc+i''^"''-^ 
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Remark 2.14. As in Remark ITTTI suppose that uo e M^{il)nL^{il\ 
E), for a compact set E C il, where s > ^ if < |, and s = 1 if A; > |. 
Then any one of the conditions (ii), (iii), and (iv) in Theorem I2.1HI is 
still sufficient for the solvability of ()2.18j) for some e > 0. Moreover, in 
the subcritical case > n these conditions are redundant. 

q—k 

Corollary 2.15. Suppose that f e L^^'°°(fi) n L%Q \ E) for some 
s > n/2k and for some compact set E G Q. Let duj = fdx. If q > k 
'^'^dj < n then the equation \2.1^) has a nonnegative solution for 
some e > 0. 

Our results on local integral estimates for quasilinear and Hessian 
inequalities are given in the next two theorems. We will need the ca- 
pacity associated with the space W"'' * relative to the domain ^2 defined 

by 

(2.19) cap„,,(E,^]) = inf{||/||;^...(j,„) : / G C^in)J> 1 on E}. 

Theorem 2.16. Let u be a nonnegative A-superharmonic function in 
Q such that — div^(x, Vu) > u'^, where p > 1 andq > p—1. Then there 
exists a constant C which depends only on p, q, n, and the structural 
constants of A such that 

/ u^dx<CR''"^=^^ 

if < n, and 

I u^dx < C(log^)^ 

J Br 

^/ q-p+i ~ Here < r < R, Br G Br, and Br is a hall such that 
Moreover, if < n, and Q is a bounded C°°-domain then 

I u'^ < Ccap„ , (E. n) 
Je 

for any compact set E G Q. 

Theorem 2.17. Let u > be such that —u is k-subharmonic and that 
Fk[—u] > u'^ in Vt with q > k. Then there exists a constant C which 
depends only on k, q, n such that 

r 2kq 

/ u''dx<C R""-—^ 

J Br 
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q—k 



if < n, and 



J Br 



q — k 



^/ |zf ~ Here < r < R, Br C Br, and Br is a ball such that 
B2R C f2. 



Moreover, if < n and is a bounded -domain th 

' ■' q—k 



en 



Je 



for any compact set E G Q. 

As a consequence of Theorems 12.101 and I2.1H| we deduce the follow- 
ing results concerning removable singularities of quasilinear and fully 
nonlinear equations. 

Theorem 2.18. Let E be a compact subset ofQ. Then any solution u 
to the problem 

u is ^-superharmonic m VL\E, 
uELl^{n\E), u>0, 
-divAix, Vm) = in V'{n \ E), 

is also a solution to 

u is ^-superharmonic in f2, 

u e Ll^{Q), u>0, 
-divAix,Vu) = ui in V'{n), 

if and only if CapQ g (E) = 0. 

P' q—p+l 

Theorem 2.19. Let E be a compact subset ofQ. Then any solution u 
to the problem 



is also a solution to 



—u is fc-subharmonic m VL\E, 

ueLl^{n\E), u>0, 
Fk[-u]=u'^ in V'{n\E), 



—u is fc-subharmonic in Q 

u E Ll^{n), u>0 
Ffe[-M]=M<? in V'{n) 



5 



if and only if CapQ -S-(E) = 0. 

2k 1 q — f- 
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In |TW3j ■ Trudinger and Wang introduced the so caUed k-Hessian 
capacity cap^(-,fi) defined by 

Our next theorem asserts that locally the /c-Hessian capacity is equiv- 
alent to the Bessel capacity CapQ ^j^^. 

In what follows, Q = {Q} will stand for a Whitney decomposition 
of fl into a union of disjoint dyadic cubes (see Sec. 

Theorem 2.20. Let 1 < k < ^ be an integer. Then there are constants 
Ml, M2 such that 

MiCapG^,fe+i(i?) < c^PkiE,Q) < M2CapG^,fe+i(i?), 

for any compact set E G Q with Q G Q. Furthermore, if Q is a bounded 
C°° -domain then 

ca.p^{E,^l) < Ccap^ f^,-^^{E,^l), 

for any compact set E C Q, where cap^ k+i(E, ^) is defined by \2.19^) 
with a = 2k and s = 

3. Discrete models of nonlinear equations 

Let T) be the family of all dyadic cubes in R*^. For uj G A^^(R") we 
define its dyadic Riesz and Wolff potentials respectively by 

(3-1) ^M^) = E ^^Jt^tXqI^), 



\Q\' 

uj{Q) 



(3.2) = 

In this section we are concerned with nonlinear inhomogeneous integral 
equations of the type 

(3.3) M = W«,p(n'') + /, nGLL(R"), 

where / G L^^^iW^), q > p — 1, and Wa,p is defined as in ()3.2|) with 
a > and p > 1 such that < ap < n. 

It is convenient to introduce a nonlinear operator J\f associated with 
the equation ()3.3|1 defined by 

(3.4) Aff = w.,,(r), / G Lunn, 
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SO that can be rewritten as 

u = Afu + f, uELUnn- 

It is obvious that A/" is monotonia, i.e., A/"/ > JVg whenever f > g > 
a.e., and A/'(A/) = X^Mf for all A > 0. Since 

(3.5) (a + hf'-^ < max{l, 2P'-^}{d''-^ + W'-^) 

for all a, 6 > 0, it follows that 



(3.6) 



1/9 



U{f + g) < max{l, 2^'-^} (AT/) + (AT^^) 



1/9 



Proposition 3.1. Lei fi be a measure in M"*"(R"), a > 0, p > 1 and 
q > p — 1. Then the following quantities are equivalent: 



(a) A,{P,^i) 
(c) A,iP,f^) 



QcP 



1 cv? 

\Q\'~^ 

QCP 



\Q\ 



(1_££) 



n p— 1 



p-i 



where P is a dyadic cube in R" or P 
equivalence do not depend on P and fi. 



R" and the constants of 



Proof. The equivalence of Ai and ^3 follows from Wolff's inequality 
(see |HWj . |COVj ). Moreover, it has been proven in |CUVj that 

/i(Q) 



(3.7) 
Since 



sup 



^3(P,/i)x 



sup 



p~l 



dx. 



l—ap/n 



p-i 



< 



—Xq{x), 



QCP \Q\ 

from ()3.7j) we obtain A3 < CA2. In addition, for p < 2 we clearly have 
A2 < A3 < CAi. Therefore, it remains to check that, in the case p > 2, 
A2 < CAi for some C > independent of P and fi. By Proposition 
2.2 in |(X)Vj we have (note that q > p - 1 > 1) 



(3.8) A2iP,ix) 



dx 
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On the other hand, by Holder's inequahty, 



E (MQ')^IQ'r)lQT 

Q'CQ 



(1_2£) 1 

^ 71 ' p — 1 



Q'CQ Q'CQ 

where r'=p— l>l,r = and e > is chosen so that — r(l 



^)^ + r-re> 1, i.e., 0<e< 

n ' p—l ' ' 



(p-l)n 



. Therefore, 



(1_££) 1 

^ 11 ' p— 1 



IQ|a-^)— -1 

Hence, combining this with (j3.8|) we obtain 



QCP \Q\ 

= 

QcP \Q\ 



{1_2£) 1 +g_2 



/i(Q)" 



9-1 



n 'p — 1 



|g|{l-l?) — -IJ 
-=CAi(P,/i). 



This completes the proof of the proposition. 



□ 



Theorem 3.2. Let a > 0, p > 1 be such that < ap < n, and let 

q > p ~ 1. Suppose f G L^q^(R") and du = f^dx. Then the following 
statements are equivalent. 
(i) The equation 



(3.9) 



has a solution u G L^^^(R") for some e > 0. 
(ii) The testing inequality 



(3.10) 



p-1 



dx<C\Pl 
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holds for all dyadic cubes P. 
(iii) The testing inequality 



(3.11) 



/ J I, ,1(1 ^ 



^ 1 



QcP 



\Q\ 



X 



n ' p— 1 



dx<C \P\ 



holds for all dyadic cubes P. 

(iv) There exists a constant C such that 



(3.12) 



y^a,Ay^a,v{nv{^) < cw^.pim^) < ^ a.e.. 



Proof. We show that (iv)^^ (i)=^ (ii) =^ (iii) =^ (i^)- Note that by 
Proposition 13. II we have (ii)<^==^ (iii). Therefore, it is enough to prove 
that (iv)^ (i)^ (iii)^ (iv). 

Proof of (iv)^^ (i). Note that the pointwise condition ()3.12|) can be 
rewritten as 

U^f < CAff < 00 a.e., 

where A/" is the operator defined by ()3.4p . The sufficiency of this con- 
dition for the solvabihty of (j3.9|) can be proved using simple iterations: 

Un+i=J\fun + ef, n = 0, 1, 2,... 

starting from uq = 0. Since A/" is monotonic it is easy to see that m„ 

q 

is increasing and that e~Aff + tf < for all n > 2. Let c(p) = 
max{l, 2*^'"^}, ci = 0, C2 = [e^^c(p)]'^ and 

c„ = [ei^c(p)(l + CV^X'r^]', n = 3, 4, ... 

where C is the constant in ()3.12j) . Here we choose e so that 



g-j9+l^^^p-l^^^i-E 

C 1 . 



q 

By induction and using ()3.6|) we have 

Un < CnMf + e/. 

Note that 

r g ^ 

xo = - 

Lp — 1 

is the only root of the equation 



n = 1, 2, 3, 



ep-ic(p)C 



g(p-i) 



and thus lim 



71— >oo 



xq. Hence there exists a solution 
u{x) = lim Un{x) 
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to equation ()H.9j) (with that choice of e) such that 

ef + e^W«,p(r) < u{x) <ef + XoWo^M')- 

Proof of (i)^> (iii). Suppose that u G Ll^^(TV^) is a solution of ()3.9|) . 
Let P be a cube in V and = u'^dx. Since 

Hx)r>[Wa,p{u''){x)r a.e., 

we have 

j [W^^p{u^){x)Ydx < j [u{x)fdx. 

Thus, 

(3.13) / f r^7rW^^«(^^ 

for all P eT). By Proposition 13.11 inequality ()3.13p is equivalent to 



"dx < C \P\ 



JP ^r,^T:> \Q\ " 



"''dx <C\P\ 



QCP \Q\ 

for all P E V, which in its turn is equivalent to the weak-type inequality 
(3.14) ||J.,(^)|| . ,._<C||^| 



'Li-p+'i-' (df^) — " L<i-P+^ (dx) ' 

for all g E L^^(R"), ^ > (see [NTV] . |VW] V Note that by 

di2 = u'^dx > eV' dx = e'i du. 
We now deduce from ()3.14j) . 

C 

(3.15) wi^MW,^^^^^^^ < 

Similarly, by duality and Proposition 13.11 we see that ()3.15p is equiv- 
alent to the testing inequality ()3.11|) . The implication (i)^^ (iii) is 
proved. 

Proof of (iii)^> (iv) . We first deduce from the testing inequality ()3.1ip 
that 

(3.16) I^L < C|P|^""(9-p+i) . 

for all dyadic cubes P. In fact, this can be verified by using ()3.11|) and 
the obvious estimate 
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Following |KVj . |V8j . we next introduce a certain decomposition of 
the dyadic Wolff potential Wa,p/i. To each dyadic cube P E V, we 
associate the "upper" and "lower" parts of Wa pjJ' defined respectively 
by 

r ^^{Q) 



Upn{x) = 

QcP 



p-i 



L|g|l-ap/nJ 



Xq[x) 



[|g|l-ap/n 



QDP 

Obviously, 

Upll{x) < Wa,p/i(x), Vp/i(x) < Wa,p/i(x), 

and for x & P, 



IP 



1—ap/n 



Using the notation just introduced, we can rewrite the testing inequal- 
ity (jH.llll in the form: 



(3.17) 



j plpuj{x)fdx < C \P\ 



for all dyadic cubes P. Recall that du = dx. The desired pointwise 
inequality (j3.12|) can be restated as 



(3.18) 



E 



IP 



l—ap/n 



Xp{x) < CWa,pUj{x) 



From the discussion above we have, for y E P, 

>Va,pu;(?/) < Upuj{y) + Vpuj{y) 
while from the testing inequality ()3.17|1 . 



p&> 



jp[Upu{y)Ydy 



IP 



l—ap/n 



Xp{x) < CWa,pOo{x). 



Therefore, to prove ()3.18j) it enough to prove 



(3.19) 

PeV 

Note that, for ?/ G P 



P 



l—ap/n 



Xp{x)<CWt,Mx). 



Vpu{y) = J2 

QDP 



\Q\ 



l—ap/n 



const. 
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An application of the elementary inequality 



k=l k=l j=k 

where 1 < s < oo and < < oo, then gives 



s-l 



ujiQ) 

Q^p AQ\ 



p— 1 I p— 1 



--1 



Using this inequality we see that the left-hand side of (j3.19j) is bounded 
from above by a constant multiple of 



\p\^ I ^(^) ^-'\ I ^^^^ 

Changing the order of summation, we see that it is equal to 



uj{R) 



p— 1 I p— 1 



-1 



/ J I \ ^\l—ap/n 



E gp g 

PCQ 



By ()3.16|) . the expression in the curly brackets above is uniformly 
bounded. Therefore, the proof of estimate ()3.19|1 . and hence of (iii)^> 
(iv), is complete. □ 



4. ^-SUPERHARMONIC FUNCTIONS 

In this section, we recall for later use some facts on ^-superharmonic 
functions, most of which can be found in |HKMj . |KMlj . |KM2j . and 
|TW4j . Let fl be an open set in R", and p > 1. We will mainly be 
interested in the case where Q is bounded and 1 < p < n, or f2 = R" 
and 1 < p < n. We assume that A : R" x R'^ — >• R" is a vector valued 
mapping which satisfies the following structural properties: 

(4.1) the mapping x — > A{x,C,) is measurable for all C, G R'^, 

(4.2) the mapping ^ A{x,^) is continuous for a.e. x G R", 

and there are constants < a < j3 < oo such that for a.e. x in R", 
and for all C, in R", 

(4.3) ^(x,o-e>«ier, \A{x,o\<P\^r\ 

(4.4) {A{x, 6) - A{x, G)) ■ (6 - 6) > 0, if ^1 7^ 6, 

(4.5) A{x,XO = ifAGR\{0}. 
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For u e Wy^^{^l), we define the divergence of A{x, Vn) in the sense 
of distributions, i.e., if (p G C^{Q), then 

divA{x,Vu){(p) = - / A{x,Vu) -Vipdx. 
Jn 

It is well known that every solution u G Wy^^{Q) to the equation 

(4.6) - div^(x, Vm) = 

has a continuous representative. Such continuous solutions are said to 
be A-harmonic in Q. If u G Wi^^{^l) and 

A{x,Vu) ■V(pdx> 0, 

for all nonnegative ip G C^{Q), i.e., — div^(2;, Vm) > in the distri- 
butional sense, then u is called a supersolution of the equation (|4.6|) 
in Q. 

A lower semicontinuous function u : Q ^ (— oo, oo] is called A- 
super harmonic if u is not identically infinite in each component of fl, 
and if for all open sets D such that D G Q, and all functions h G C{D), 
^-harmonic in D, it follows that h < u on dD implies h < u in D. 

It is worth mentioning that p-superharmonicity can also be defined 
equivalently using the language of viscosity solutions (see |.TLMj ). 

We recall here the fundamental connection between supersolutions 
of ()4.(i|l and ^-superharmonic functions |HKMj . 

Proposition 4.1 r |HKMj ). (i) If u E W^];^^{n) is such that 

-div^(x, Vm) > 0, 

then there is an A-superharmonic function v such that u = v a.e.. 
Moreover, 

(4.7) v{x) = ess lim inf v{y), x E Q. 

(ii) // V is A-superharmonic, then j^. 7| ) holds. Moreover, if v E 
Wt^i^), then 

-div^(a;, Vv) > 0. 

(iii) If V is A-superharmonic and locally bounded, then v G W^^^{fi), 
and 

-div^(x, Vv) > 0. 
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Note that an ^-superharmonic function u does not necessarily belong 
to Wy^^{Q), but its truncation min{M, k} does, for every integer k, by 
Proposition 14. iT iii) . Using this we set 

Du = lim V [min{-u, A;}], 

fc^oo 

defined a.e. If either u e L°°{fl) or m e Wi^^{Q), then Du coincides 
with the regular distributional gradient of u. In general we have the 
following gradient estimates |,KMlj (see also |HKMj . |TW4p . 

Proposition 4.2 (I KMlj ). Suppose u is A-superharmonic in Vt and 
1 < < Then both \Du\^~^ and A{-,Du) belong to L^^^{Q). 

Moreover, if p > 2 — ^, then Du is the distributional gradient of u. 

We can now extend the definition of the divergence of A{x, Vu) if u 
is merely an ^-superharmonic function in Q. For such u we set 

—divA{x,\/u){(p)= / A{x, Du) ■ Vip dx, 
Jq 

for all if G C^{Q). Note that by Proposition 14.21 and the dominated 
convergence theorem, 

—dwA{x,\/u){(p)= lim / A{x,V mm{u, k}) ■ \/(p dx > 

whenever ip G C^{Q) and ip >0. 

Since — div^(x, Vu) is a nonnegative distribution in Q for an A- 
superharmonic u, it follows that there is a positive (not necessarily 
finite) Radon measure denoted by fi[u] such that 

— div^(a;, Vu) = fi[u] in Q. 

Conversely, given a positive finite measure /i in a bounded Q, there 
is an ^-superharmonic function u such that — div^(a;, Vu) = fi in Q 
and min {u, k} G Wo'P{n) for all inte gers k. Moreover, if is a posi- 
tive finite measure in R"' we can also find a positive ^-superharmonic 
function u such that — div^(a;, Vu) = /i in R"^. We refer to |KMlj and 

|KM2] for details. 

The following weak continuity result in |TW4j will be used later in 
Sec. El to prove the existence of ^-superharmonic solutions to quasi- 
linear equations. 

Theorem 4.3 ( |TW4j ) . Suppose that {un} is a sequence of nonneg- 
ative A-superharmonic functions in Q that converges a.e. to an A- 
superharmonic function u. Then the sequence of measures {fi[un\} 
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converges to fj,[u] weakly, i.e., 

lim / (pdfi[un] = / (pdfi[u\, 

for allipe C^in). 

In |KM2j (see also |Mi| Theorem 3.1] and |MZj ) the following point- 
wise potential estimate for ^-superharmonic functions was established, 
which serves as a major tool in our study of quasilinear equations of 
Lane-Emden type. 

Theorem 4.4 f |KM2p . Suppose u>0 is an A-superharmonic func- 
tion in B{x, 3r). If fi = — div^(x, Vu), then 

Ci W[ n{x) < u{x) < C2 inf U + C3 Wl'n{x), 

' B{x,r) ' 

where Ci,C2 and C3 are positive constants which depend only on n,p 
and the structural constants a and (3. 

A consequence of Theorem 14.41 is the following global version of the 
above potential pointwise estimate. 

Corollary 4.5 f jKM2j ). Let u he an A-superharmonic function in R" 
with infRn M = 0. If ^ = — div^(x, Vu), then 

(4.8) ^ Wi,p/i(x) < u{x) < KWi,pfi{x), 

for all X G R", where K is a positive constant depending only on n,p 
and the structural constants a and j3. 

5. Quasilinear equations on R" 

In this section, we study the solvability problem for the quasilinear 
equation 

(5.1) -diYA{x,Vu) = u'' + UJ 

in the class of nonnegative ^-superharmonic functions on the entire 
space R"", where A{x,^) ■ ^ ~ |^|^ is defined precisely as in Sec. 4. 
Here we assume l<p<n, q>p — 1, and uj e 7V1"*'(R"). In this 
setting, all solutions are understood in the "potential-theoretic" sense, 
i.e., < n G ^^^^(R'^) is a solution to ()5.1|) if u is an ^-superharmonic 
function and 

(5.2) y^lii^ A{x,V mm{u, k}) ■ Vif dx = J u'^(pdx + J (pdu, 

for all test functions cp G C^(R"). 

First we prove the continuous counterpart of Proposition 13.11 Here 
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we use the well-known argument due to Fefferman and Stein |FSj which 
is based on the averaging over shifts of the dyadic lattice V. 

Proposition 5.1. Let < r < oo. Let /i G M^iW), a > 0, p > 1, 
and q > p — 1. Then the following quantities are equivalent. 



W 



q-p + 1 



R" Jo 



W u 



1 

I p-l 



R" 



. t'^-'^p \ t J 
' ji{Bt{x)) dt 



^i-^dt , 
—dfi, 



dx. 



dx. 



where the constants of equivalence do not depend on ^ and r. 



Proof. We will prove only the equivalence of (6) and (c), i.e., there are 
constants Ci, C2 > such that 



(5.3) C^\\w:n 



9 



<C^2||W;,/i 



The equivalence of (a) and (c) which follows from Wolff's inequality 
(see |AHj . |HWj ). can also be deduced by a similar argument. We first 
restrict ourselves to the case r < 00. Observe that there is a constant 
C > such that 



(5.4) 



In fact, since 



2r 



I Q-ph'' I 



Lv=^{dx) 



9 

'LP=T(da;) 



\i{Bt{x)) dt 

fn-ap f 



< C 



fl{Bt{x))dt ^^^{B2r{x)) 



j,n—ap 



fl5.4|) will follow from the estimate 
(5.5) 



/ 


-^l{B2r{x))- 


'-'dx<C [ 




/R" 


j,n—ap 


JR" 





fiiBtjx)) dt 



1 

p-i 



dx. 



Note that for a partition of R" into a union of disjoint cubes {Qj} such 
that diam((5j) = r/4 we have 



q 

fi{B2r{x))~ dx 



R" 



j 



< 



fi{B2r{x))p-^dx 

, Jo. 
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where we have used the fact that the ball B2r{x) is contained in the 
union of at most N cubes in {Qj} for some constant depending only 
on n. Thus 







/ 


j,n—ap 



q 

p-i 



dx < cj2 

j 



KBr/2{x)) 



j,n—ap 

' fijBtjx)) dt 



dx 



dx. 



which gives ()5.5p . 

By arguing as in , we can find constants a, C and c depending 

only on n such that 



■J\t\<cr MQI 
l{Q)<Ar/a 



XQ{x)dt 



where A, t e R", denotes the lattice V + t = {Q = Q' + 1 : Q' e V} 
and i{Q) is the side length of Q. Using Proposition 2.2 in |(X)Vj and 
arguing as in the proof of Theorem IH.ll we obtain 



R" 



3)<47 



Q&Vt 
£(Q)<4r/a 



\Q\ 



l—ap/n 



p-i 



Xq{x) \ dx 



l(Q)<Ar/a 



p-i 



dx 



where the constant of equivalence is independent of /i, r and t. The 
last two estimates together with the integral Minkowski inequality then 
give 



\\^L,pf^\\Li(dx) 



\t\<cr ^ JR" ^ Qgp, 



r KQ) 



1 



Xq{x)) dxl^dt 



e{Q)<4r/a 



< Cr- 



\t\<cr 



R" ^ Q^v, \Q\ ^ 

l{Q)<AT/a 



dt. 
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Note that 



>^ /i(Q) (^) < c KBix,VTi2')) 



QeVt 1^1 2'=<4r/a 
i{Q)<ir/a 

where C is independent of t. Thus, in view of ()5.4p . we obtain the 
lower estimate in ()5.3|) . 

Now by letting i? ^ cxd in the inequality 

||Wjp/i||^ < < i? < oo, 

^ ' Lp~^ (dx) 

we get the lower estimate in ()5.3|) with r = oo. The upper estimate 
in (j5.3j) can be deduced in a similar way. This completes the proof of 
Proposition 15.11 □ 

The next theorem gives a characterization of the existence of nonneg- 
ative solutions to the equation — div^(x, Vm) = in terms of Wolff's 
potentials. 

Theorem 5.2. Let ^ be a measure in Ai~^(R."'). Suppose that Wi^p/i < 
oo a.e. Then there is a nonnegative A- superharmonic function u in R" 
such that 

(5.6) - div^(a;, Vn) = /i in R", 

and 

(5.7) lwi,p/i(x) < u{x) < KWi^pf^ix), 
A 

for all X in TV^, where K is the constant in Conversely, if u is a 

nonnegative A- superharmonic function in R" which solves i5. 6]) then 
Wi < oo a.e. on R". 

Proof. The second statement of the theorem follows immediately from 
the lower Wolff potential estimate. To prove the first statement, we let 
/^A; = A^Bfc) the restriction of /i on the ball of radius k and centered at 
the origin, so that /x^ — >■ /i weakly as measures and fik are finite positive 
Borel measures on R". Thus arguing as in the proof of Theorem 2.4 in 
KMlj we can find nonnegative ^-superharmonic functions Uk in R" 



such that 

-div^(x, Vwfc) = /ifc 
in R*^. By replacing u^. with u^— infR.™ we can assume that infan = 
so that Uk{x) < KWi pfik{x) < KWi^pfi{x) < oo for a.e. x in R" 
by Corollarv l4.5l Let {uk } be a subsequence of {uk} such that Uk ^ u 
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a.e. on R" for some nonnegative ^-superharmonic function u in R" 
(see |KMH Theorem 1.17]). Then by Theorem 14.31 we see that 

— div^(x, Vm) = /i 

in R". The estimate ()5.7p then follows from the Wolff potential esti- 
mate, which completes the proof of the theorem. □ 

Theorem 5.3. Let uj G A^+(R"), 1 < p < n, and q > p — 1. Assume 
that 

(5.8) Wi,p(Wi,ptu)'? < CWi,pCU < cx) a.e., 

where 

q-p+1 \9(p'-i)/ p 
.girmax{l,2P'-2}/ Vg -j9+ 1, 

and K is the constant in \4-^ - Then there is an A-superharmonic 



^ ' - Voirmaxil.2P'-ny' \a-v+l)' 

cc 

function u G L^^^iYiP) such that 



(5.10) 
and 



infa.gR,n u{x) = Q 
-div^(x, Vm) = u'^ + u}, 



^Wi,pcu(x) < u{x) < M Wi,pcu(x) 



for all X in R", where the constant M depends only n,p,q and the 
structural constants a and (3. 

Proof. Let {uk\k>a be a sequence of ^-superharmonic functions such 
that infan Uk = 0, Uk G L^^^(R"), 

J A{x,Vuq) ■ Vifdx = J ifdcu, 

and 

(5.11) J A{x,Vuk+i) ■ Vipdx = J u\ipdx + j Lpdcu, 

for all integer A; > and (f G C^(R"). The existence of such a sequence 
is guaranteed by Theorem 15.21 and condition ()5.8|) . Put cq = K, where 
K is the constant in ()4.8p . By the potential estimate we see that 
uq < coWi^pUj and Uk+i < KWi^p^ul + u) for all k > 0. From these 
estimates and ()3.5|) we get 

Ml < is:max{l,2P'-2}[Wi,p(M^) + Wi,p/i 

< irmax{l, 2P'~^}{cf-^^C + l)Wi,p/^ 
= CiWi_p/i, 
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where Ci = i^rmax{l, IP' ^}(cq^^ ^^C + 1). By induction we can find a 
sequence {c„}„>o of positive numbers sucli tliat < c^Wi p/i for all 

n > with cq = K and c„+i = Km^&x.{\,'F'-'^}{(^^' '^'^ C + 1) for all 
n > 0. It is then easy to see that c„ < ^ ^^^1^'^^^ — ^ for all n > as 
long as ()5.9|) is satisfied. Thus 

Uk < Wi^po; 

q - p+l 



for all A; > 0. By Theorem 1.17 in |KMlj we can find a subsequence 
which is also denoted by {uk}k>o and an ^-superharmonic function 
u such that Uk ^ u almost everywhere. As — >■ cxd in (jS.lip . the 
left-hand side tends to / A{x, Vm) ■ V^pdx by weak continuity results 
TW4j while the right hand side tends to j u'^ipdx + J ipduj by the 



m 



dominated convergence theorem. Therefore m is a solution to ()5.10|1 . 
which completes the proof of the theorem. □ 



Theorem 5.4. Let uj he a locally finite positive measure on R'^, 1 < 
p < n, and q > p — 1. Then the following statements are equivalent. 
(i) There exists a nonnegative solution u G Ll^^iJiT") to the equation 

inf^eRn u{x) = 
— div^(x, Vm) = + ea; 



(5.12) 









IpUsix) 



1 

p-1 



for some e > 0. 

(ii) The testing inequality 

(5.13) 

holds for all balls B in R". 

(iii) The testing inequality 

(5.14) / \Wi^pU}B{,x)V dx <Cuj{B) 
Jb ^ ' -I 

holds for all balls B in R" . 

(iv) There exists a constant C such that 

(5.15) Wi,p(Wi,pCj)'? < CWi^pCj < oo a.e 

Moreover, if the constant C in \5.1^) satisfies 

(J ^ f q-p + l y(p'-i)/ p-l 
- \qK max{l,2P'-2}y Vg L 

where K is the constant in \4-<^ , then the equation \5.1i^) has a solution 
u with e = 1 which obeys the two-sided estimate 

CiWi^pUj{x) < U{X) < C2^l,pUj{x) 
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for all X E R". 

Remark 5.5. It is of interest to note that statement (ii) in Theorem 
15.41 is also equivalent to the following capacitary condition (see e.g. 

(v) There exists a constant C > such that 



uj{E) < CCapi 



q-p+l 



{E) 



for all compact sets E C R". 



Proof of Theorem \5.J\ We show that (i)^(ii)^(iii)^(iv)^(i). Note 
that (jS.lHj) is also equivalent to the testing inequality (see e.g. |VWj ): 



p-1 



IpUJB^x) dx<Ciu{B). 



By applying Proposition (jS.ip we deduce (ii)^(iii). The implication 
(iv)^(i) clearly follows from Theorem 15. HI Therefore, it remains to 
check (il^fii) and (iii)^(iv). 



Proof of (i)^(ii). Let m be a nonnegative solution of ()5.12|) and let 
H = u'^ + euj. Then /i is a positive measure such that fi > u"^, ^ > eu 
and u{x) > -^Wi p/i(x) where K is the constant in ()4.8p . Therefore, 



f dfi > I u''dx>C I {W^^pfiydx 

J P J P J P 



> c 



2^ I ) xq[x) 



QcP 



dx, 



for all dyadic cubes P in R". Using this and Proposition 13.11 we get 

r MQ) 



E 

QCP 



'\Q\ 



1 

p-i 



\Q\<Cf,{P), 



P eV. 



It is known that the preceding condition is equivalent to the inequality 
(see |VT1 Sec. 3]) 



L-J-p+i (dx) 



where C does not depend on / G L-j-p+i (dx). Since /i > ecu, from this 
we have 

duality 

completes the proof of (i)^(ii). 



Therefore, by duality we obtain the testing inequality ()5.13p . This 
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Proo/ 0/ (iii)^(iv). We first claim that ()5.14|1 yields 



(5.16) 







p_i dt 


1 r 




T 



where C is independent of x and r. Note that for y G Bt{x) and r > 2t, 
we have Bt{x) C -Br(y)- Thus, 

'u;{Br{y)nBt{x))\^^dT 



> C 



2t 



Uj{Bt{x) )\T^ 



Combining this with ()5.14|) . we obtain 

(5.17) uj{Bt{x)) < Ce-^\ 

which clearly implies ()5.16|) . 

Next, we introduce a decomposition of the Wolff potential Wi p into 
its lower and upper parts defined respectively by 



and 



'Lrll{x) 



Ur/i(x) 







p_i dt 


' r 




T 


[ 


-fi{Bt{x))- 


dt 






T 



r > 0, xeW 



r > 0, X 



Let dv = (yVi^pUjydx. For each r > let dfir = {\JrUj)''dx and dXr = 
(LrUj)'^dx. Then 

(5.18) <C{q){iXr + K) 

Let X G R" and Br = Br{x). Since Wi,p(Wi_pu;)'' = Wi^pU, we have 
to prove that 

Wi,pZ/(x) 



POO 


rz/(5,)i 


Jo 


j^n—p 



< CWi „uj(x). 



For r > 0, t < r and y E Br we have Bt{y) C B2r- Therefore it is easy 
to see that U,.u; = \JrUJB2r on Br- Using this together with ()5.14|) . we 
have 

f^riBr)= j {VrUjYdx= / {\J rUJ bJ" dx < C Uj{B2r) ■ 

J Br J Br 



Hence, 



(5.19) 



poo 




^ dr 


Jo 


y,n—p 


r 



POO 


-Uj{B2r)' 


Jo 


y,n—p 



< c 



< C"Wi,pu;(x). 
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On the other hand, for y ^ Br and t > r, we have Bt{y) C -82*, and 
consequently 



(5.20) 



< C 



poo 




'2r 





p-i dt 

T 

hdt 

T 



< C'LrUj{x). 



Using ()5.2()|l .we obtain 



Thus, 





K{B,) = 


-- / {l.My)Ydy<C{l.M^)y\Br\ 






J Br 


POO 


'\r{Br)' 


dr 


'0 




r 



\Br \ \^dr 
r 



c 



uj{Bt) \ ^ dti ^ f \Br\\^ dr 



in-p 



t 



C- 



P-^Jo 



^ f \Bt \ \ p-1 dt 

t""py t J 



Y-n—p 



uj{Br) ] dr 
r 



^n—p 



where we have used integration by parts in the last equality. Using 
now (|5.16|) . we get 

\Bt\ \ dt' 



Hence, 



(5.21) 



POO 


rA.(B,)i 


Jo 





— < C" 

r 



poo 


r^(5r)i 


Jo 


j,n—p 



^ dr 



= C"Wi^piu{x). 
Combining (IHTT^ . (ICTH) and (IK?^ gives 



Wi „z/(x) 



poo 


MBr)l 


Jo 


j^n—p 



< CWi,pCj(x) 



for a suitable constant C independent of uo. Thus, (iii) implies (iv) as 
claimed. This completes the proof of the theorem. □ 
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6. Renormalized solutions of quasilinear Dirichlet 

problems 

Let Q he a bounded, open subset of R", n > 2. We denote by 
A4b{^) (respectively A4^{Q)) the set of all Radon measures (respec- 
tively nonnegative Radon measures) with bounded variation in Q. Let 
A be as in Sec. HI and let 1 < p < cxo. In this section we consider the 
Dirichlet problem 

{-div^(x, Vu) = + cj, 
u>0 in Q, 
u = on dfl, 

where u G M.^{fl) and q > p — 1. 

It is well known that when the data is not regular enough, a solution 
of nonlinear Leray-Lions type equations does not necessarily belong to 
the Sobolev space Wo'^((]). Therefore, we use the framework of renor- 
malized solutions which seems proper for such problems with measure 
data (see, e.g., |t)MOPj). 

For a measure /i in AAsi^), its positive and negative parts are de- 
noted by /i+ and /i~ , respectively. We say that a sequence of measures 
{fin} in Aisi^) converges in the narrow topology to /i G A4b{^) if 



n— >oo 



lim / (fdun = (fdn 



for every bounded and continuous function ip on Q. 

Denote by A^o(^) (respectively A^s(fi)) the set of all measures in 
A4b{^) which are continuous (respectively singular) with respect to 
the capacity cap]^ p(-,fi). Here cap^ p{-,Q) is the capacity relative to 
the domain Q defined by 

(6.2) capi^p(E,fi) = inf ly dx : (p e C^in),(P > 1 on E 

for any compact set E G Q. Recall that, for every measure /i in Aisi^), 
there exists a unique pair of measures (/io,/^s) with /ig G A^o(^) and 
fis G A^s(fi), such that /i = /io + /is- If /i is nonnegative, then so are 
fiQ and fis (see |FST| Lemma 2.1]). 

For k > and for s G R we denote by Tfc(s) the truncation Tfc(s) = 
max{— A;, min{A;, s}}. Recall also from |BBGj that if m is a measurable 
function on Q which is finite almost everywhere and satisfies Tk{u) G 
W^'^'iQ) for every A; > 0, then there exists a measurable function v : 
n^K^ such that 

VTyt(-u) = vx{\u\<k} almost everywhere in f2,for all A; > 0. 
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Moreover, v is unique up to almost everywhere equivalence. We define 
the gradient Du of u as this function v, and set Du = v. 

In jDMUPj . several equivalent definitions of renormalized solutions 
are given. In what follows, we will need the following ones. 



Definition 6.1. Let fi be in Aisi^)- Then u is said to be a renormal- 
ized solution of 

-div^(x, Vm) = /i in Q, 
u = on dQ, 



(6.3) 



if the following conditions hold: 

(a) The function u is measurable and finite almost everywhere, and 
Tfc(u) belongs to P^o (^) for 

every A; > 0. 

(b) The gradient Du of u satisfies \Duf~^ G L'^{Q) for all q < 

(c) If w belongs to Wl'^{VL)fM°^{^l) and if there exist A; > 0, w^"^ and 

in ly^'^(fi) n L~(f2), with r>N, such that 

w = w^°° a.e. on the set {u > k}, 
w = w~°° a.e. on the set {u < —k} 



then 
(6.4) 



/ A{x, Du) ■ Vwdx = / wdfio + / w^°°dfij - / w~°°dfil 
Jn Jn Jn Jn 



Definition 6.2. Let fi be in Aisi^)- Then m is a renormalized solution 
of ()6.3|) if u satisfies (a) and (b) in Definition 16. H and if the following 
conditions hold: 

(c) For every k > there exist two nonnegative measures in A4o{Q), 
and A^, concentrated on the sets {u = k} and {u = —k}, respectively, 
such that A^ — > fif and A^ ix~ in the narrow topology of measures. 

(d) For every > 

(6.5) / A{x, Du) ■ Vipdx = / ^dfio + / ^dX'^ — / (pdX^ 
J{\u\<k} J{\u\<k} Jn Jn 

for every cp in Wo'^(fi) n L°°(fi). 

Remark 6.3. By |DM()P1 Remark 2.18], if M is a renormalized solution 
of ()6.3p then (the cap^ ^-quasi continuous representative of) u is finite 
capi p-quasieverywhere. Therefore, u is finite /iQ-almost everywhere. 

Remark 6.4. By ()6.5p . if m is a renormalized solution of ()6.3|) then 

(6.6) —divA{x,'VTk{u)) = fj,k in fl, 
where 

fj^k = x{\u\<k}fio + K - K- 
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Since Tk{u) G Wq^{Q.), by ()4.3|) we see that — div^(a;, VTfc(M)) and 
hence fXk belongs to the dual space W-^'P'{n) ofW^o (^). Moreover, 
by Remarkinini I""! < oo /io-almost everywhere and hence X{\u\<k} Xn 
/io-almost everywhere as A; — ^ oo. Therefore, by the monotone conver- 
gence theorem, converges to /i in the narrow topology of measures. 

Remark 6.5. If /i > 0, i.e., fi G and u is a renormalized 

solution of (j^.^ll then u is nonnegative. To see this, for each A; > we 
"test" ()fi.4|l with w = —Tk{u~) where u~ = — mm{u, 0}, w~^°° = and 
w^"^ = -k: 

— / A{x, Du) ■ 'VTk{u^)dx = — Tk{u^)dfiQ+ / kdfi~ 
Jn Jn Jn 

= - Tk{u')dfio < 0, 
Jn 

since fi~ = 0. Thus using ()4.3p we get 

\VTk(u-)\^dx < 



n 

for every A; > 0. Therefore = a.e., i.e., u is nonnegative. 

Remark 6.6. Let fi G and let m be a renormalized solution of 

()(i.3j) . Since = a.e. (by Remark IFTHjl and hence u~ = cap^ ^-quasi 
everywhere (see jHKM| Theorem 4.12]), in R.emark 16.41 we may take 
= 0, and thus fik is nonnegative. Hence by and Proposition 
14. H the functions Vk defined by Vk{x) = essliminfj^^a, Tfc(M)(?/) are A- 
superharmonic and increasing. Using Lemma 7.3 in |HKMj . it is then 
easy to see that Vk ^ v as k —* oo everywhere in Q for some A- 
superharmonic function v on Q such that v = u a.e.. In other words, v 
is an ^-superharmonic representative of u. 

Remark 6.7. When we are dealing with pointwise values of a renor- 
mahzed solution u to the problem (|6.3p with measure data /x > 0, we 
always identify u with its ^-superharmonic representative mentioned 
in Remark 16.61 

In Theorem 16 .91 below, we give a global pointwise potential estimate 
for renormalized solutions on a bounded domain f2, whose proof is 
based on its local counterpart given in Theorem 14.41 and the following 
lemma. 

Lemma 6.8. Suppose that u is a renormalized solution of the prob- 
lem \6. with data /x G A^^(fi). Let B = _B(xo, 2diam(f2)) be a ball 
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centered at xq E Q. Then there exists a nonnegative A-superharmonic 
function w on B such that u < w on Q, and 

— div^(x, Vw) = /i in B, 
Proof. Let Uk = min{-u, A;}, and let 

fJ-k = X{u<k}fJ'0 + 

be as in Remark 16.41 (note that = by Remark 16. 6j) . We see that 
Uk G Wq'^{Q) is the unique solution of problem ()6.H|1 with data fik- 
Since fik is continuous with respect to the capacity cap^^ p(-, i?), we 
have a unique renormalized (or entropy) solution Wk to the problem 

-div^(x, Vwk) = /ifc in B, 
Wk = on dB. 

We now extend u^ by zero outside Q, and set 

= mm{wk — Uk, 0} = min{min{wfc, k} — Uk, 0}. 

Note that ^ G lyo'^(fi) niyo'^(5) nL°°(5) since |^| < Uk- Then using 
as a test function we have 



= / A{x,Vwk) -V-^dx - / A{x,Vuk) ■V'i/dx 
Jb Jn 

= / A{x, Vwk) ■ V^dx - / A{x, Vuk) ■ V^dx 

JBr\{wk<Uk} J Br\{wi,<uk} 

= / [A{x, \/wk) - A{x, \/uk)] ■ (Vwyt - S/Uk)dx. 

JBr\{wk<Uk} 

Thus Vwk = Vwfc a.e. on the set B fl {wk < ma;} by hypothesis ()4.4j) 
on A. Hence \I' = a.e., i.e., 

(6.7) Uk < Wk a.e. 

Since fik converges to fi in the narrow topology of measures on Q (and 
hence also on B), arguing as in the proof of |KMH Theorem 2.4], we 
can find a subsequence {wk^} of {wk} such that Wk^ w a.e., where 
w is a nonnegative ^-superharmonic function on B such that 

— div^(x, Vw) = /i in B. 

By fl6.7p we have u < w a.e. on ^2, and hence u < w everywhere on Q 
due to Remark 16.71 and Proposition 14.11 Note that for p < n we have 

||w^fc|| n(p-l) <C/ifc(fi)^^, 

L ' (B) 
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for some constant C independent of R and k (see |DM()P| Theorem 
4.1] or Lemma 4.1]). Thus 

(6.8) < Ci?^/ifc(fi)^. 

The inequahty (j6.8|) also holds for p> n, see for example |Grel Lemma 
2.1]. Finally, using Fatou's lemma and ()fi.8j) . we obtain 

This completes the proof of the lemma. □ 

Theorem 6.9. Suppose that u is a renormalized solution of the problem 
\6. 5j) with data fi G A^^(fi). Let R = diam(f2). Then there is a 
constant K independent of /i and R such that 

(6.9) u{x) < KWl^pfi{x), 
for all X in Q. 

Proof. Let w and B be as in Lemma 16.81 Fix x € fi. We denote by 
d{x) the distance from x to the boundary dB of B. By Theorem 14.41 
Lemma (6.81 and the fact that d{x) > R, we have 

(6.10) w(x) < CWi'^i^%(a;) + C inf w 

B{x,dix)/3) 

< CWl^pHix) + Cd{x)^^ \H\lp-hb) 

< CWl^pfi{x) + CRT^fi{Q)^^ 



2R 



X] 



Therefore, from ()6.10|) and Lemma 16.81 we get the desired inequality 

dnsD- □ 

Theorem 6.10. Let uj E Let p > 1 and q > p — 1. Suppose 

that R = diam(f2), and 

(6.11) Wl^piWl^puY <CWl^pU <oo a.e., 

where 

/ q-p + 1 yCp'-i)/ p-1 \ 

and K is the constant in Theorem \6.y[ Then there is a renormalized 
solution u G L^(fi) to the Dirichlet problem 

-div^(x, Vm) = + uo in fi, 
M = on dVt 



(6.12) 
such that 



u{x) < MWf^pUix) 
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for all X in Vt, where the constant M depends only n,p, q and the struc- 
tural constants a and (3. 

Proof. Let {uk}k>o be a sequence of renormalized solutions defined in- 
ductively for the following Dirichlet problems: 

-div^(x, Vmo) = in f2, 
Mo = on dVL, 



(6.13) 

and 
(6.14) 



-div^(a;, Vu^) = u\_^ + u in fi, 
Ufc = on dVL. 



for k>l. By Theorem 16.91 we have 



Thus by arguing as in the proof of Theorem 15. 3| we obtain a constant 
M > such that 



(6.15) M„<MWf^cu<oo a.e. 

for all n > 0. By passing to a subsequence (see |KM11 Theorem 1.17] 



or |DM0P1 Sec. 5.1]), we can assume that Un —>■ u a.e. on fl for some 
nonnegative function u. Note that by ()6.15|) 

u< MWj^pLU < oo a.e. 

and u1 — > in L^{Q). Finally, in view of (j6.14|) . the stability result 
in |DMOPt Theorem 3.4] asserts that m is a renormalized solution of 
()6.12|) . which proves the theorem. □ 

Let Q = {Q} be a Whitney decomposition of Q, i.e., Q is a disjoint 
subfamily of the family of dyadic cubes in R*^ such that Q = Uq^qQ, 
where we can assume that 2^diam(Q) < dist(Q,(9r2) < 2^diam((5). 
Let {4>q}q£q be a partition of unity associated with the Whitney de- 
composition of Q above: < 0q G C^{Q*), (pq > \/C{n) on Q, 
TliQ't'Q = 1 S'lid < y4^(diam(Q))~l'^l for all multi-indices 7. 

Here Q* = {l + e)Q, < e < ^ and C{n) is a positive constant depend- 
ing only on n such that each point in Q is contained in at most C{n) 
of the cubes Q* (see ^Silj). 

Theorem 6.11. Let u be a locally finite nonnegative measure on an 
open (not necessarily bounded) set fl. Let p > 1 and q > p — 1. Suppose 
that there exists a nonnegative A-superharmonic function u in fl such 
that 

(6.16) -dwA{x,Vu) = u'^ + u in Q. 
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Then, for each cube P E Q and compact set E C Q, 

(E) 



(6.17) /ip(E) <CCapT ^ 



pq 



if , 1 
(6.18) 



< n, and 



ME) < C{P) Capc,^ 



{E) 



IS 



if q-p+i — -^^re dfi = u'^dx + duj, and the constant C in \6.11^ 
independent of P and E G Q, but the constant C{P) in i6.18\) may 
depend on the side length of P. 



Moreover, if 



pq 



q-p+l 



< n and Vl is a bounded C°°-domain, then 



fi{E)<Cce.pp^^{E,Q), 

^' q-p+l 

for all compact sets E G Q, where cap„ g (E. Q) is defined by 112.191) . 

P' q — p+l 

Proof. Let P be a fixed dyadic cube in Q. For a dyadic cube P' C P 
we have 

dist(P',9fi) > dist{P,dn) > 2Miam(P) > 2Miam(P'). 
The lower estimate in Theorem 14.41 then yields 



u{x) > CW{ 



23diam(P') 



/i(x) 



fc=0 



2-''+2diam(P') 



jm—p 



p-i dt 

T 



> 



il-p/n 



p-i 



Xq{x) 



qgp' \Q\ 

for all X G P'. Thus it follows from Proposition 13. II that 



(6.19) Yl 

QcP- 

Hence 
(6.20) 



p-1 



/i(P') <C\P'\^~ 



\Q\<C u^dx < Cfi{P'), P' c P. 



P' c p. 



To get a better estimate for /i(P') in the case -^^^ = n, we observe 
that ()6.19|) is a dyadic Carleson condition. Thus by the dyadic Carleson 



imbedding theorem (see, e.g., jNTVj, |Vlj ) we obtain, for 



pq 



q-p+l 



n. 



(6.21) 



QcP 



fdn 



p-i 



< C / f—dft, 
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q ——————— 

where / G L~ {dfxp), / > 0. From (j6.!2ip with / = xp', one gets 



(6.22) 



2" \P\ 



( z I 



q-p+l 



P' C P, 



if 



(j-p+i 



Now let P' be a dyadic cube in R". From Wolff's 



inequality for Riesz potentials (see pWj ) we have 
(6.23) / (Ipfip/np)^ dx 



Qev 

= cE 

QcP' 



f^p{Q) 



1—p/n 



q 



\Q\ 



l—p/n 



1 



Thus, for < n, by combining (j6.19j) and (j6.23p we deduce 

(6.24) / {lpfip,np)^^dx<CMP')- 

In the case g^p_^_i > n, a. similar argument using ()6.19p . ()6.20|) . ()6.22|) 
and Wolff's inequality for Bessel potentials: 



' {Gpfip,np)^'dx<C{P) Yl 



r/ip(P'ng) 



Q£V,QCP 



\Q\ 



1— p/n 



\Q\ 



see |AHj ). also gives 



(6.25) 



/ (Gp/ip,np)^rfx < C{P)fip{P') 
Jr" 



where the constant C{P) may depend on the side- length of P. Note 
that ()6.24p . which holds for all dyadic cubes P' C R", is the well-known 
Kerman- Sawyer condition (see |KSj ). Therefore, 



q-p + l 

Li-P+'^ (dx) 



q 

for all / G Li-p+'^ (R") which is equivalent to the capacitary condition: 

/xp(E)<CCapi^,^(E) 

for all compact sets E C R". Thus we obtain ()6.17j) . The inequality 
fl6.18|) is proved in the same way using ()6.25p . From ()6.17|) and the 
definition of capp _2_(-, fl), we see that, for each cube P E Q, 



q-p + l 

l^p{E) < Ccapp 



q-p+l 



{E n p, n) 
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for all compact sets E C Q. Thus 

Pes 

< C Vcapp,^(EnP,fi) 
Pes 

where the last inequahty follows from the quasiadditivity of the capac- 
ity cap q (■■ Q) which is considered in the next theorem. □ 

Remark 6.12. Let Bn be a ball such that B2R G Q. It is easy to see 
that there exists a constant c > such that i{P) > cR for any Whitney 
cube P that intersects B^. On the other hand, if Bj. is a ball in Bn 
then we can find at most dyadic cubes Pi with cr/4 < i{Pi) < cr/2 
that cover Br, where depends only on n. Thus if g^p_^_i = n then 
from (|6.22|) we see that 

<C(log^)^ 

for all balls Br C -B/j. Here the constant C is independent of R and r. 

Theorem 6.13. Suppose that Q is a C°°-domain in R". Then there 
exists a constant C > such that 

V cap„ {E nQ,n) < Ccap„ {E, Q) 

f ^ q — p+l ^' q — p+1 

QeS 

/or a// compact sets E dVt. 

Proof. Obviously, we may assume that cap ■? {E. Vt) > 0. Then by 
definition there exists / G C^(fi), / > 1 on such that 

2cap„ > 11/11^, 

By the refined localization principle on the smooth domain Q for the 

q 

function space W^' we have 

(see e.g. )Tri| Theorem 5.14]). Thus 

(6.26) Yl WqW^X^.^ . ^ Ccap,,^(i?,fi). 

Note that for x E E HQ, 

f<pQ ><pQ> 1/C(n). 
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Hence by definition we have 



{EnQ,n)<c II /0Q II ^„ ^ 

t^' q-p+l yyi'' q-p+L (R") 



From this and ()6.26|) we deduce the desired inequahty. □ 

Theorem 6.14. Let u be a measure in A4^{Q) with compact support 
in Q. Let p>l, q>p— 1 and R = diam(i7). Then the following 
statements are equivalent. 

(i) There exists a nonnegative renormalized solution u G L'^(fi) to the 
equation 



(6.27) 



-div^(x, Vm) = u'^ + eoj in f2, 
M = on dVL 



for some e > 0. 

(ii) The testing inequality 

(6.28) / {GpUOB)^^ dx < Cuj{B) 

Jb 

holds for all halls B such that B fl suppcu 7^ 0. 

(iii) For all compact sets E C suppcj, 

f g-p+l 

(iv) The testing inequality 

(6.29) [ \wl^pUJBix)Y dx <Cuj{B) 
Jb ^ ' -I 

holds for all balls B such that B fl suppcj 7^ . 

(v) There exists a constant C such that 

(6.30) W2^(w2^u;)« < CWl^pU < 00 a.e. on Q. 
Moreover, if the constant C in \6. 3(^) satisfies 

( g — p+1 \<i{v'-^) ( p — 1 



qK max{l,2P'~'^} J \q — p+l 

where K is the constant in Theorem \f).!J\ then the equation \6.21 ) has 
a solution u with e = 1 which obeys the estimate 

u{x) < MWl^pUj{x) 

for all X ^ Q. 

Proof. It is well known that statements (ii) and (iii) above are equiva- 
lent (see e.g. |V2j ) . Thus it remains to prove that (i)^^ (ii)^^ (iv) 
^^(v) ^»(i). Since u is compactly supported in Q, using Theorem 
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Ifi.lll we have (i)^> (iii) As before, the testing inequahty ()(i.28j) 

is also equivalent to the Kerman-Sawyer condition 



(6.31) 



R" 



GpUsix) ^ ^dx<Cuj{B), 



[see lESl, lYl). Note that 



(6.32) 



R" 



Gp/i(x) 



p-i 



dx 



R" 



2R 



where the constants of equivalence are independent of the measure /i, 
(see |HW] . HHj). From (lOTl) . (O^ . and Proposition O we deduce 
the implication (ii)^^(iv). Note that Theorem 16.101 gives (v)^^(i). 
Thus it remains to show that (iv)^^(v). In fact, the proof of this 
implication is similar to the proof of (iii)=^(iv) in Theorem 15.41 We 
will only sketch some crucial steps here. We define the lower and upper 
parts of the truncated Wolff potential respectively by 



L2«/i(a;) 



and 



Vl^f^ix) 



r-2R 


-fi{Bt{x)) 


1 r 






fi{Bt{x))- 


Jo 


j^n—p 



— , < r < 2i?, X G R" 
t 



t 



■, 0<r <2R, xeR" 



Since R = diam(fi) and lj G M^{Q), to prove ()6.30|) . it is enough to 
verify that, for x & Q, 



(6.33) 

and 

(6.34) 



I-2R 


-fir{Br{x))- 


dr 


Jo 


y^n—p 


r 


i'2R 


lXr{B,.{x))^ 


dr 


Jo 


j,n—p 


r 



t2R, 



t2R, 



where d^r = {\Jf.^uj)''dx, dX^ = {Ll^uYdx and < r < 2R. The proof 
of ()6.33|) is the same as before. For the proof of ()6.34p . we need an 
estimate similar to ()5.16|1 . Namely, 



(6.35) 



r 









— < C(/?,cj(fi))r^^ 
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for all < r < 4i? and x E il. In fact, note that for < t < R/2 and 

y e Bt{x), 



2R 



2t 



uj{BM n Bt{x)) 



^ dr 

T 



oo{Bt{x)) 



p-i 



As before, from this inequality and ()6.29|) one gets 

pq 

(6.36) uj{Bt{x)) < Ce~^^=^ , 0<t<R/2. 

To prove ()6.35j) . we can assume that < r < R/2 and write the left- 
hand side of ()6.35j) as 

"''/^ ruj{Bt{x))^^dt , f'"" iuj{Bt{x)y 

t 



(6.37) 



^n-p 



+ 



R/2 



fn-p 



^ dt 

T' 



Applying ()6.36|) to the first term of ()6.37p and using the fact that 
uj G M.^{fl) in the second term of ()6.37p . we finally obtain ()6.35p . This 
completes the proof of (iv)^^(v), and so Theorem 16.141 is proved. □ 

Remark 6.15. From the proof of Theorem 16.141 we see that if u is 
not assumed to be compactly supported in Q, then any one of the 
conditions (ii)-(v) is still sufficient for the solvability of (j6.27j) for some 
e > 0. 

Theorem 6.16. Let E be a relatively closed subset ofQ. Suppose that 
CapQ q (E) = 0. Then any solution u of 

f q — p+l 



(6.38) 



u is ^-superharmonic in Q\E, 

ueLUn\E), u>0, 
div^(x, Vm) = M« in V'{n\E), 

is also a solution of 

u is ^-superharmonic in fi, 
u e Ll^iQ), u>0, 
-divA{x,Vu) = u'^ in V'{n). 

Conversely, if E is a compact set in Q such that any solution of \6. 
is also a solution of \6. 39\) then CapQ g (E) = 0. 

P' q-p+l 

Proof. Let us prove the first part of the theorem. Since 



(6.39) 



Cap 



n 1 



{E) = 0, 



we have capi p{E,Q) = where the capacity cap^^ p(-,r2) is defined by 



21) (see 11 IK .Mi ) . Thus u can be extended so that it is a nonnegative 
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^-superharmonic function in Q (see |HKMj ) . Let fi[u] be the Radon 
measure on Q associated with u, and let (p be an arbitrary nonnegative 
function in C^{Q). As in |BP| Lemme 2.2], we can find a sequence 
{fn} of nonnegative functions in C^{Q \ E) such that 

(6.40) <(/?„< ^ ip CapQ g -quasi everywhere. 

P' q-p+l 

By Fatou's lemma we have 

u"^ Lpdx < lim inf / u'^ dx 
n Jn 



= lim inf / (pndn[u] 

n-.oo 

< / (pdfi[u] < oo. 



Jn 

Therefore u G Ll^^{Q), and fi[u] > u'^ in ViVt). It is then easy to see 
that 

-div^(a;, Vu) = u'^ + fi^ in V'{n) 

for some nonnegative measure fi^ such that fi^{A) = for any Borel 
set A G Q\E. Moreover, by Theorem 16 . 141 and Remark 16.151 we have, 
for any compact set C -E, 

/x^(K)<C(K) CapG„^(i^)=0. 

Thus /i-^ = and u solves (j6.39|) . 

The second part of the theorem is proved in the same way as in the 
linear case {p = 2) using the existence results in Theorem 16.141 We 
refer to lAPI for details. □ 



7. Hessian equations 

In this section, we study a fully nonlinear counterpart of the theory 
presented in the previous sections. Here the notion of fc-subharmonic 
(fc-convex) functions associated with the fully nonlinear fc-Hessian op- 
erator Fk, k = 1, ...,n, introduced by Trudinger and Wang in |TWlj 



|TW3j will play a role similar to that of ^-superharmonic functions in 
the quasilinear theory. 

Let fl be an open set in R", n >2. For k = 1, ...,n and u G C^{fl), 
the /c-Hessian operator is defined by 

Fk[u] = Sk{X{D\)), 

where \{D'^u) = (Ai,...,A„) denotes the eigenvalues of the Hessian 
matrix of second partial derivatives D'^u, and is the k^^ symmetric 
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function on R" given by 

'S'fc(A) = ^ Ail ■ ■ ■ Ajj^. 

l<n<---<jfc<n 

Thus Fi[u] = Au and Fn[u] = det D'^u. Alternatively, we may also 
write 

Fk[u] = [D\]k, 

where for an n x n matrix A, [A]k is the fc-trace of A, i.e., the sum 
of its X A; principal minors. Several equivalent definitions of k- 
subharmonicity were given in [TW2j . one of which involves the lan- 
guage of viscosity solutions: An upper-semicontinuous function u : 
Q [—00, 00) is said to be fc-subharmonic in Q, 1 < k < n, if 
Fk[ci] > for any quadratic polynomial q such that u — q has a local 
finite maximum in VL. Equivalently, an upper-semicontinuous function 
u : VL ^ [—00, 00) is fc-subharmonic in if, for every open set f2' d f2 
and for every function v G C'(^^{Vl') fl C°(fi') satisfying Fk[v\ > in fi', 
the following implication holds: 

M < f on dO! =^ u <v in fi', 

(see |TW2| Lemma 2.1]). Note that a function u e C^^ci^) k- 
subharmonic if and only if 

Fj[u] > in n for all j = 1, . . . , k. 

We denote by $'^(^2) the class of all fc-subharmonic functions in Q which 
are not identically equal to —00 in each component of Q. It was proven 
in |TW2| that $'^((]) C (^""-^Q) ■ ■ ■ C <^\n) where coincides 
with the set of all proper classical subharmonic functions in Q, and 
is the set of functions convex on each component of Q. 
The following weak convergence result proved in |TW2j is fundamen- 
tal to potential theory associated with /c-Hessian operators. 

Theorem 7.1 (TW2). For each u G ^^(fi), there exists a nonnegative 
Borel measure iik[u] in such that 

(i) /ifcM = Fk[u\ for u G C'^iVt), and 

(ii) if {um\ is a sequence in converging in L\^^{VL) to a function 
u G then the sequence of the corresponding measures 
converges weakly to Hkiu]- 

The measure ^k[u\ in the theorem above is called the /c- Hessian mea- 
sure associated with u. Due to (i) in Theorem 17. II we sometimes write 
Fk{u] in place of iJ,k[u\ even in the case where u G does not be- 

long to C'^{Vt). The fc-Hessian measure is an important tool in potential 
theory for It was used by D. A. Labutin to derive pointwise 
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estimates for functions in in terms of the Wolff potential, which 

is an analogue of the Wolff potential estimates for ^-superharmonic 
functions in Theorem 14 .41 

Theorem 7.2 ([L ). Let u>0 be such that —u E ^''{B{x,3r)), where 
1 < k < n. If ^ = m] then 

CiWl' < u{x) < C2 inf u + C^-W\ fi{x), 

FFT''^+-^ B{x,r) k+i''^'^^ 

where the constants Ci, C2 and C3 are independent of x, u, and r. 

The following global estimate is deduced from the preceding theorem 
as in the quasilinear case. 

Corollary 7.3. Letu>0 be such that -u E <I>^(R"), where 1 < /c < |. 
If H = Aifc[~H ^'^'^ iiifR" u = then for all x E R", 

^^^,k+Mx) < u{x) < KW^^^^^fi{x), 

for some constant K independent of x and u. 

Let f2 be a bounded uniformly {k — l)-convex domain in R", that is, 
E and Hj{dn) > 0, j = 1, k - 1, where Hj{dn) denotes the 
j-mean curvature of the boundary dQ. We consider the following fully 
nonlinear problem: 

{Fk[—u]=u'' + uj in n, 
u>0 in n, 
u = (f on do,, 

in the class of functions u such that —u is fc-subharmonic in Q. Here uj is 
a Borel measure compactly supported in Q, and the boundary condition 
in ()7.1|) is understood in the classical sense. Characterizations of the 
existence of m G ^^'X^) continuous near dQ which solves ()7.H) can be 
obtained using the iteration scheme in the proof Theorem IH^] together 
with the argument in the proof Theorem 16.141 To do so we need an 
analogue of the global upper potential estimates on a bounded domain 
given in Theorem 16.91 for quasilinear operators. 

Theorem 7.4. Let fi be a nonnegative Borel measure compactly sup- 
ported in a bounded domain Q C R". Suppose that u > 0, —u E ^^{Vt) 
such that u is continuous near dVL and solves 

f ^^k[-u] = /i + / in fi, 
1^ u = ip on dVl, 
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where < ^ G C\dn) and < f e L'{n) with s > f z/ 1 < A; < f , 
and s = 1 if ^ < k < n. Then for all x & Q, 



u{x) < K 

where R = diam(n) and K is a constant independent of x, u, and Vt. 



Proof. Suppose that the support of yU is contained in Q! for some open 
set Vt' d Vt. Let M = supQ\n' ^^'^ "^rn = niin{u, m} for m > M. Then 
—Um G ^^{Q), continuous near dQ, solves 

Um = '■P on (9fi, 

for some nonnegative Borel measure in VL. Since Um ^ u'm. L\^^{yL), 
by Theorem 17. II we have 

(7.2) /im ^ /i + / weakly as measures in Vt. 

Note that Um = u m VL\VL' since m > M. Thus = /ifc[^] = / in 
for all m > M. Using this and ()7.2|) it is easy to see that 



4>dfim — > / (t>dfi + / (pfdx 
Jn Jn 

as m oo for all G i.e., 

A^m ~^ + / in the narrow topology of measures. 

We now take a ball B D Q with B = B{xq, 2R), xq ^ Q and consider 
the solutions Wm > 0, —Wm G ^''{Q), continuous near dfl, of 

/ifc[-Wm] = /im in B, 
Wm = niaxan on dB, 

where m > M. Since Um is bounded in fl the measure /x^ is continu- 
ous with respect to the capacity capfc(-,f2), and hence with respect to 
the capacity cap^(-,-B) (see |TW3j). Here cap^(-,r2) is the fc-Hessian 
capacity defined by 

(7.3) capfc(E, Q) = sup {fik[u]{E) : u G <I>''{Q), -1 < n < 0} 

for a compact set E G Q. By a comparison principle (see |TW3| 
Theorem 4.1]), we have Wm > maxg^ in B, and hence Wm > Um on 
Thus, applying the comparison principle again, we have 

(7.4) Wm > Um in fl. 

Since fim + / in the narrow topology of measures in Q, we see that 
f^m ^ + f weakly as measures in B. Therefore, arguing as in jTW2| 
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Sec. 6] we can find a subsequence {wmj} such that Wmj — > w a.e. for 
some w > 0, —w G ^''{B) such that w is continuous near dB and 

/ifc[-w] = fJ' + f in 5, 
w = maxQn ip on dB. 

Note that from ()7.4j) . w > u a.e. on and hence w > u everywhere on 
Q. Using this and Theorem 17. 21 apphed to the function w on B{x, d{x)), 
where d{x) = dist(a;, dB) we have, foixEQ and du = dfi + fdx, 

(7.5) u{x) < CW^i (u){x) + C inf w 



fc+i ' 



B{x,d{x)/3) 

1/k 



/•2R 




Ir 


-f-n—2k 



< C(W^§. ,^ rz/)(x) + max(/. + /?2-WV(fi) 

~ V fc+T-'^+i^ ^ an ^ ^ 

where the last inequahty in ()7.5|) follows from the estimate (6.3) in 
jTW2j. The proof of the Theorem 17.41 is then complete by noting that 

for all X G fi. □ 

The next theorem is a criterion for the existence of global solutions 
to fully nonlinear equations with general measure data, which is an 
analogue of Theorem 15.21 

Theorem 7.5. Suppose that fi is a measure in 7V1~'"(R") such that 
^ ^^k+il^ < oo a.e. on R". Then there exists m > 0, —u G $'''(R") 
such that 

(7.6) Fk[-u] = /i in R", 
and 

(7.7) ^^h^^k+l^^<u<KWM^,^^^^. 

Conversely, ifu>0, —u G $^(R") solves d?. 6p , then fc+iA* < cxd 

a. e. on R". 

Proof. The second part of the theorem is trivial in view of Corollary ESI 
To prove the first part we denote by Bm the open ball in R" centered at 
the origin with radius m, m = 1, 2, . . . . Let Um > 0, —Um G ^''{Bm+i), 
continuous near dBm+i be a solution to the following Dirichlet problem 

Fk[—Um\ = fJ'Bm in Bm+1, 

Um = on dBm+i- 
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By Theorem 17.41 we have 

(7.8) Um < C Wfc+1 fc^i/i < oo a.e., 

where C is independent of m. Thus by passing to a subsequence we 
may assume that Um converges to u a.e. for some m > such that 
—u G $'^(R"). Since W k+i G Ll^^iW"), the weak continuity result 

f Theorem 17.11) . ()7.8|) and CoroUarv 17.31 then imply that m is a solution 
of (Uni) which satisfies JTTj). □ 

We are now in a position to establish the main results of this section. 

Theorem 7.6. Let u be a measure in 7W + (R"), 1 < A; < n/2, and 
q > k. Then the following statements are equivalent. 

(i) There exists a nonnegative solution u to the equation 

{inf uix) = 0, 
Fk[-u]=u'i + tuo in R", 

such that -u G ^^{Vt) fl /.^^^(R"), for some e > 0. 

(ii) The testing inequality 

(7.10) / \l2k^B{x)Y dx <Cuj{B) 

JB L -I 

holds for all halls B in R". 

(iii) For all compact sets E C R", 

(7.11) a;(E)<CCapi^^,_^(i?). 

(iv) The testing inequality 



(7.12) / W^f^^^iOBix) dx<Cuj{B) 
Jb L '=+1' J 

holds for all halls B in R". 

(v) There exists a constant C such that 

(7.13) W_afe__fc+i(W_a^^fc+i^)'? < CW_afc_^fc+iaj < oo a.e. 
Moreover, if the constant C in satisfies 

\ qK } q — k 

where K is the constant in Corollary \7.^ then the equation ^7.yj) has 
a solution u > 0, —u G $^(R") with e = 1 which oheys the two-sided 
estimate 
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for all a; e R". 

Theorem 7.7. Let Q be a bounded uniformly {k — l)-convex domain in 
R". Suppose that oj G such that to = fj. + f, where /i G A4^{Q) 

with suppyU (E Q and < / G L^{Q) with s > n/2k if 1 < k < n/2 and 
s = l if n/2 <k <n. Let q > k, R = diam(fi) and < e C°((9fi). 
Assume that 

(7.14) W'|^,,,,(W|^,,.^..). < 4W|^,,^,. 

and 

("5) ,,,[w!|,,,,(max^)']' < BW!|,,,,(max ^)«, 

("6) ^<(4^)'"(* 

and 

7.17 ^<H:^ — 7 — z: 

Here K is the constant in Theorem \7.4\ Then there exists a function 
u > 0, —u G ^^{Vt) n L'^{VL), continuous near dVL such that 

(7.18) rF,[-^]=n^ + ^ in fi, 

I u = on oil. 

Moreover, there is a constant C = C{n, k, q) such that 

M<C<W2fc ,,,u + W2k J max (pY + max (fi )■ . 
— { fc+T''^+^ fc+T''=+J^^ an an ) 

Remark 7.8. Condition ()7.15|) is redundant if ip is small enough. 

Proof. Let {um}m>o be a sequence of nonnegative functions on Q de- 
fined inductively by the following Dirichlet problems: 

Fk[-uo] =uj in Q, 
uo = on dQ, 



and 
(7.19) 



Fk[-Um] = +UJ in Q, 
Um = f on dQ, 
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for m > 1. Here for each m > 0, —Um is /c-subharmmonic and is 
continuous near dQ. By Theorem 17.41 we have 

max 09 

— Fn"'''+^ on 

= aoW'^S. ..-.uj + boW'^S, (max + max v9, 

where Qq = K and bo = 0. Thus 

ui < K , , ^ (ul + uj) + K max ip 

Then by fl71i|l and (TTTHll . 

K[(3'?-^6^)^5 + fsT^lW^al (max + JsTmaxy; 



2k 
k + 

where 



k+i'''+^ fe+T''^+i an an 



a, = K[{3''-^al)-kA + 1], bi = KKS^-Xf' B + K'^]. 
By induction we have 

Um < a^W^a^. uj + bmW^^k . , , (max ip)" + K max yj, 

where 

a^+i = K[i3'^-'al)-^A + 1], = K[{3'^-'bl)-^ B + 

for all m > 0. It is then easy to see that 

^ Kg Kl+ig 
g — K g — K 

provided ()7.16p and ()7.17p are satisfied. Thus 

(7.20) Um < -^W2_i,^^^ + 



+ r^W^al , , , (max v?)" + i^maxy?. 

Using ()7.14|) . ()7.15p . ()7.20|) . and passing to a subsequence, we can find a 
function m > such that —u is A;-subharmonic and — m"^ in L}{VL). 
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Thus in view of fl7.19|l and Theorem 17.11 we see that m is a desired 
solution of ^nm . □ 

Theorem 7.9. Let uj he a locally finite nonnegative measure on an 
open (not necessarily hounded) set Vt. Let q > k, where 1 < k < n. 
Suppose that u > 0, —u G (^^{Vt) such that u is a solution of 

Fk[—u\=u'^ + uj in Vt. 

Then for each cuhe P & Q, where Q = {Q} is a Whitney decomposition 
of Q as hefore (see Sec. \^), we have 

(7.21) /ip(E)<CCapi^^,_^(i?), 
if ^ <n, and 

(7.22) ^p(E)<C(P)CapG,^,_^(E), 

if |z| > n, for all compact sets E dVl. Here djj, = u'^dx + duj, and the 
constant C in \7.21^ does not depend on P and E C Vt; however, the 
constant C{P) in \7. 22 ) may depend on the side length of P. 
Moreover, if < n, and VL is a hounded C^-domain then 

M^)<Ccap2,,^(E,fi) 
for all compact sets E d Vt, where capg^ ^(E,^]) IS defined hy KTm . 

' q — k 

Remark 7.10. Let Br be a ball such that B2R C Q. If ^ = n then 
as in Remark 16.121 we have 



/i(5.)<C(log^) 



q — k 



for all balls Br C Br. 



Theorem 7.11. Let u he a compactly supported measure in 
where Q is a hounded uniformly {k — l)-convex domain in R" (1 < 
k <n). Let q > k, R = diam(f2), and ip G C'^i^dQ), ip > 0. Then the 
following statements are equivalent. 

(i) There exists a solution u >0, —u G ^^{VL)r\L'^{VL), continuous near 
dVt, to the equation 



(7.23) 



Fk[—u\=u'^ + euj in fi, 
u = eif on 



for some e > 0. 

(ii) The testing inequality 



(7.24) / {G2kOOB)-^dx<Cuj{B) 
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holds for all balls B such that B fl suppti; 7^ 0. 

(iii) For all compact sets E C suppcj, 

(iv) The testing inequality 



'2k, 



B 



holds for all halls B such that B fl suppcj 7^ 0. 
(v) There exists a constant C such that 

Remark 7.12. As in Remark 16.151 if u = fi + f, where supp/i ^ Q, 
and < / e L''(fi) with s > ^ if /c < n/2, and s = 1 if A; > n/2, then 
any one of the conditions (ii)-(v) is still sufficient for the solvability of 
the equation ()7.23|) for some e > 0. 

Theorem 7.13. Let E be a relatively closed subset ofQ. Suppose that 
CapQ _3_{E) = 0. Then any solution u of 

' q — k 

( ~ue <l>'=(^] \ E) n Ll^in \e), u> o, 

^'^^^ \ Fk[-u]=u'i in V'{Q\E), 

is also a solution of 

^'■^^^ \ Fk[-u]=u'i in V'{Q). 

Conversely, if E is a compact set in Q such that any solution of j 7. 25\ ) 
is also a solution of \7.2b\l , then CapQ^^^ ^(.E) = 0. 

Proof. To prove this theorem, we proceed as in the proof of Theorem 
12.181 For the first statement, note that if CapQ^^ _2_(-E') = then 
CapQ 2^ ^}^j_i{E) = and < f (see |AHj ) . which implies that 



cap,(E,5) = 

for a ball B Q ^ E due to Theorem 17.141 below. Here capfc(-,f2) 
is the (relative) /c-Hessian capacity associated with the domain Q (see 
(j7.3|) ). Thus by jEl Theorem 4.2], is a fc-polar set, i.e., (— oo)-set of a 
fc-subharmonic function in R". It is then easy to see that the function 
u defined by 

f u{x), xeQ\E, 
(7-27) u{x) = < limsup u{y), x e E, 
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belongs to and —u is an extension of u. The rest of the proof 

is then the same as before. □ 

Theorem 7.14. Let 1 < k < ^ be an integer. Then 

(7.28) MiCapG^,,+i(i5) < cap,(i^,^]) < CapG^,fe+i(i5) 

fc+i fc+i 

for any compact set E C Q with Q E Q, where the constants Mi, M2 
are independent of E and Q. 

Proof. Let R be the diameter of Q. From Wolff's inequality it follows 
that CapQ 2^ i^j^-^^(E) is equivalent to 

■fc+T 

sup {/i(-E) : /i G M'^(E), W^^k < 1 on supp/i}, 

fe+i ' 

for any compact set C (see |HW| Proposition 5]). To prove the 
left-hand inequality in (fT^ . let /i G M+(E) such that < 1 

on supp/i, and let u G $^^(1?) be a nonpositive solution of 

Fk [u] = fi in B 
u = on dB, 

where 5 is a ball of radius R containing Q. By Theorem 17.41 and the 
boundedness principle for nonlinear potentials (see |AHj ) . we have 

Thus 

fi{E) = fik[u]{E) < Ccapfc(E,fi), 

which shows that 

CapG^,fc+i(i^)<Ccap,(E,fi). 

k + l 

To prove the upper estimate in (|7.28|) . we let Q G Q, and fix a compact 
set E G Q. Note that for /i G M^{E) and x E E we have 





r/i(E)i 


I dt 


/2diam(Q) 




T 



Thus, for < |, 



(7.29) ,^^/i(x) < CW— 7>(x), Vx G E. 

Now for u G $^^(^7) such that — 1 < m < by Theorem 17. 21 we obtain 



W|:;;(^«>^(x) < W'^^^l^^{x) < C \u{x)\ < c. 
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for all X E E, where fi = fik[u]- Thus, we deduce from fl7.29|) that 
which implies 

(7.30) /i(^)<C^CapG,, 

Finally, the definition of cap;,(-,fi) and ()7.30|) then give 

cap,(E,fi)<CCapG^,,+i(i?), 

fc+i 

which completes the proof of the theorem. □ 

Remark 7.15. If i7 is a C°°-domain in R"^, and 1 < A; < |, then by the 
quasiadditivity of the capacity cap^ k+ii'^^) (^^^ Theorem I(j.l3j) we 
have the following upper estimate for the fc-Hessian capacity capfc(-, Q): 
There exists a constant C > such that for any compact set E <Z fl, 

capfc(£',fi) < C cap 2k j,. , ^(E, Q). 
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